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ANNALS OF MATHEMATICS. 

Vol. V. June, 1890. No. 4. 

THE LINEAB FUNCTIONS OF A COMPLEX VARIABLE.* 

By Dr. F. N. Cole, Ann Arbor, Mich. 
I. THE INTEGRAL LINEAR FUNCTION. 

1. The simplest possible functions of a complex variable, 2, are obviously 
those which involve this variable rationally and only to the first degree. These 
are the linear functions of the general form, {uz + /J)/(;'S + d), where «, /?, ;", 
and (5 are any complex constants whatever. These functions in general con- 
sist of a numerator and a denominator, each of which involves 2, and are 
accordingly fractional fiinctions of z. If, however, j- disappear from the denom- 
inator, the corresponding functions reduce to the form (as + /9) / o, which, since 
a , /9, and d are any complex numbers, may be written simply a'z + ^. These 
last expressions are integral linear functions of a. Any fractional linear func- 
tion is the ratio of two integral linear functions. 

We denote the function which may be at any instant under consid- 
eration by the single letter tc, and accordingly write in the present case 
w=^ {as -{- /9) / (y3 + o). z being a complex variable, xo is a complex varia- 
ble also. To any system of values of z corresponds a system of values of w. 
If, now, any number of values of z be represented by a system of points in the 
complex plane, the corresponding values of w will be represented by a second 
system of points in the plane. The geometric relations between these two 
systems of points evidently exactly replace the analytical relations between 
the values of the variables s and w, as defined by the given equation. But 
the geometric relations have the great advantage of a concrete and clearly pre- 
sentable form. Accordingly, we shall turn this method of geometric interpre- 

* In the following series of articles I have attempted to give a clear presentation of the theory 
of the linear functions of a comjjlex variable from a geometrical stand-point. On the part of the 
reader I have assumed only a knowledge of the ordinary geometrical representation and methods 
of combination of the complex number. For the sake of brevity, the plane in which the complex 
number is represented is called simply the complex plane. 

Ann Akboe, September, 1889. 
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tation of functional relations to full account, and shall devote the present 
article to a systematic study of the linear functions from a geometrical point 
of view. 

2. We begin with an extremely simple case, that of the integral linear 
function, zo ^ 2 + /9. 

Given any point, z, in the complex plane, the corresponding point, w, is 
found, as we know, by adding to the vector z the vector /9. We may regard 
the operation of passing from the point s to the point w as taking place in 
this way : that the point z moves continuously from its initial to its final posi- 
tion along the vector joining the two. Since all points in the plane are to 
undergo this same process, all the points w may be regarded as obtained from 
the corresponding point s by a translation of the entire plane through the 
vector distance /9. 

We shall accordingly regard the equation w ^z -\- (3 as defining this 
operation of translation. This mode of interpretation of a functional relation 
as defining a geometrical operation to be performed in the complex plane, by 
which we pass from the values of the variable to the coi-responding values of 
the function, is the guiding principle of the entire pi'esent investigation. 

3. A second simple case of the integral linear transformation is 
that of the function w=^az, where a is any complex number, «j + a^i or 
p (cos (f -\- i sin (p). 

Suppose, at first, that a is real ; that is, that ^ = 0. The corresponding 
operation in the complex plane then consists in multiplying the length of the 
vector of each point z by p, the vector remaining otherwise unchanged. The 
efi'ect is evidently an expansion of the plane outward from the origin equally 
in all directions, or a contraction of the plane inward toward the origin equally 
in all directions, according as p is greater or less than unity. For simplicity 
we include both expansion and contraction under the one name expansion. 
The quantity p is called the ratio of the expansion. 

For a more detailed consideration of the operation of expansion, suppose 
a system of rays drawn through the origin and a system of concentric cii-cles 
described about the origin as a centre. Then the effect of the transformation 
is this : that every ray remains unchanged as a whole, while each circle is con- 
verted into a second circle of the system, with a radius equal to p times that 
of the original circle. Every point in the plane moves along the ray on which 
it lies. The rays are accordingly called the lines of motion of the transforma- 
tion. The concentric circles cut the rays everywhere at right angles, and are 
therefore called the orthogonal system of cvirves for the transformation. 

If we construct the system of concentric circles in such a way that the 
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ratio of the radii of each successive pair is />, the effect of the transformation 
will be to convert each of the circles into the next following one. Each of the 
curvilinear rectangles contained between two successive circles and two rays 
will be connected by the transformation into the adjacent rectangle between 
the same two rays farther outward or inward, according as p < 1. The dimen- 
sions of the rectangle being each multiplied by [i, its area is multiplied by p^ 

Again, if we consider any portion of the plane whatever, this will be car- 
ried away from the origin, retaining its form, until the distance of each point 
within it is /> times its former distance, all the dimensions of the figure being 
consequently multiplied by p as before. 

These are all thoroughly elementary matters, but they are of fundamental 
importance, and we therefore treat them at the outset in great detail. Evi- 
dently the construction of diagrams analogous to those just considered will 
furnish an exceedingly advantageous understanding of the nature of the trans- 
formations with which we shall have to deal, and we shall make a free use of 
this means of investigation. 

4. Another important case of the transformation w = as is that for which 
,« = 1. The corresponding operation in the complex plane will then consist 
in a rotation of the entire plane about the origin through the angle (p. This 
transformation is orthogonal to that last considered ; that is, every point in 
the plane moves in a direction at right angles to its previous motion. Every 
circle about the origin as a centre remains unchanged as a whole, these circles 
being now the lines of motion, while the rays through the origin form the 
orthogonal system. Each ray is converted into another at an angular distance. 
If, from its initial position. 

5. Let us now suppose that, in the transformation w = az, p and f are 
any quantities whatever. We shall then have a combination of the two pre- 
ceding operations. Every vector will be rotated about the origin through the 
angle f , while its length is at the same time multiplied by p. The lines of 
motion are readily found in this case. They must be curves which have the 
property that, as a point moves along one of them, its radius vector, in turning 
through a constant angle, <p, shall be multiplied in length by a constant, p. 
The curves which have this property are logarithmic spirals having their ver- 
tices at the origin, of which the general equation is ?• = Cfe**. For if {d, r) and 
{d', r') are the polar co-ordinates of any two points on such a spiral, and if 
d' ^ d -j- <f, then 

Since in the present case r' = pr, we must take e^ = p; .•. k = f ~' log p. 
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The lines of motion for the operation ic = az are therefore the logarith- 

inic spirals r ^= Ce * . The orthogonal curves are easily found to be also 

logarithmic spirals, whose equations are r = C'e ^°* '' . Each value of the ar- 
bitrary constant C gives one spiral of the system. To determine the motion 
of any given point {r„, d„) we must substitute these co-ordinates in the equation 

r ^ Ce * and determine the corresponding value of C. We have then the 
equation of the particular spiral on which the given point moves. 

If we assign to C successively all values from to oo, we obtain an infinite 
system of spirals which are coiled up one within another in such a way that 
through each point in the plane one, and only one, of the spirals passes. The 
spirals, therefore, nowhere cut each other, and they fill the entire plane. They 
form, therefore, a system of congruent curves. The concentric circles, and the 
origin, and the rays through the origin, are other instances of such congruent 
systems. And, in general, it is clear that, if a transformation has lines of 
motion, and if each point is transformed into a single point, the lines of motion 
must form a congruent system. 

6. From the general logarithmic spiral motion we can easily deduce the 
rotation and expansion already considered, as particular cases. Thus, if /> = 1, 

log l>g 

the eqtxation r=Ce * reduces to ?■ = C, which gives the concentric circles. 
Again, if f = 0, we have ?• = oo, which is the only form in which the equa- 
tion of a pencil of rays can be expressed in terms of r. A more satisfactory 
result may be got by considering the pitch of the spiral, that is the angle (/>, 
between the tangent and the radius vector. Since 

rdd 



we have 



tan (/> = ', 
dr 



tan di = p-i- . 
log p 



Hence the pitch is 90° when ," = 1, and when ^ = 0. 

7. The student should have a clear understanding of the purpose for which 
the curves of motion are introduced. Any functional relation w = f[z) con- 
nects each point z in the complex plane with the corresponding point w, and 
we are interested in the operation by which we may conceive that we obtain w 
from 3. The mode of transition from the one point to the other is in no way 
prescribed by the functional relation. But it is convenient to regard this 
transition as taking place by a continuous movement of the points from the 
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position z to the position w along certain curves — the hnes of motion. The 
utiHty of this idea hes in the fact, that, if we select the proper curve as a line 
of motion, then not only the one point z first considered moves along this curve, 
but all points on the curve are moved along on it, so that the curve as a whole 
remains unchanged. Moreover, the points on a line of motion move in such 
a way that they retain their relative order of succession, a fact which is clearly 
true in the cases thus far considered, and which we shall find to be true in 
general. 

8. We consider now the theory of the general integral linear function 
w ^ (iz -\- /3, of which the preceding cases have been special forms. This 
transformation may be regarded as taking place in this way : that there is first 
a logarithmic spiral motion about the origin defined by z = «s, and that this 
is followed by translation w := s' -f ^, the result being w = az + /3. A simpler 
interpretation is, however, possible, as follows : The equation lo = «2 + /9 can 
also be written in the form 

to — /5 (1 — «)-' = oz + /3 — /3 (1 — a)-\ 
or 

W — ;9 (1 — «)-^ = « [3 — /9 (1 — «)-']. 

The quantity z — /9 (1 — a)"' is evidently represented by the vector of z 
measured, not from the origin, but from the point [-i (1 — «)"' ; similarly, 
xo — /? (1 — «)"' is represented by the vector of vi measured from the same 
point. If we write for these quantities z' and vi respectively, we have 
\o' = (tz\ which evidently defines a logarithmic spiral motion about the new 
origin, /3 (1 — «)~^ 

The equation w = az + ft therefore defines a logarithmic spiral motion 
about the point /3 (1 — «)"'. If ;3 = 0, we have the case last considered, of 
rotation about the origin. If « ^ 1, we have the translation w = z + ;9. 
This may, therefore, be regarded as a limiting case of a logarithmic spiral 
motion in which the vertex of the spiral, /3 (1 — «)"\ lies at an infinite dis- 
tance, so that the coil of the spiral which lies in the finite part of the plane 
becomes a straight line. If the modulus of a be 1, or if its angle be 0, the 
motion becomes simply a rotation or an expansion about the point ;9(1 — «)"'. 

9. Having now obtained a geometrical interpretation of the integral linear 
function as defining an operation to be performed in the complex plane, we 
consider next more fully the efi'ect of this operation on the parts of the plane 
and on their relation to each other. First of all, it is clear that the operations 
which we have considered are all continuous ; that is, if two points are infi- 
nitely near together initially, they will remain so after the transformation. 
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Accordingly, any continuous curve becomes a continuous curve, and any con- 
tinuous area remains such. 

Again, if we draw any figure in the plane, the operation of translation will 
of course change only the position of the figure, leaving its shape, size, and 
the direction of its parts unaltered. A rotation will leave the shape and size 
unchanged. An expansion will leave the shape of the figure unchanged, but 
will change the size, and in fact will multiply each dimension of the figure by 
the ratio of expansion. Accordingly, the logarithmic spiral motion, being 
compounded from a rotation and an expansion, will also leave the shape of 
any portion of the plane unchanged. 

Every integral linear transformation, therefore, converts every figure in 
the plane into a similar figure. In particular we will note, for later reference, 
that every straight line becomes a straight line, and every circle a circle. 
Again, since every figure becomes a similar figure, it follows that, if any two 
curves meet at an angle d, the two corresponding transformed curves meet at 
the same angle ; that is, every angle in the plane becomes an equal angle. 

Again, the only operation thus considered which changes the size of any 
figure in the plane is that of expansion, and this operation evidently increases 
the dimensions of any part of the plane equally in all directions. It follows 
that, if from any point s we draw small* vectors in all directions, and consider 
the transformed figure, which will consist of small vectors drawn from the 
corresponding point w, the ratio of two corresponding small vectors will be 
constant on all sides of the given points. This ratio is called the ratio of 
similarity for the given transformation about the point z. 

10. The propositions of the preceding section are also readily deduced 
analytically. Thus, if s and 3 -{- dshe neighboring points, and w and w + dw 
the corresponding w points, we have 

w = 03 -\- 1^, w + dw =z a{s -^ ds) + /5 ; .-.dw = ads. 

From the last equation the continuity of the transformation is apparent. 
Again, from the same equation the angle of dw is equal to the angle of ds 
plus the constant angle of a. Accordingly, if ds be rotated about the point s, 
dw will rotate at the same rate about w, from which it is clear that every angle 
in the plane is preserved unchanged. Moreover, the ratio of the moduli of 
dvj and ds is equal to the modulus of a, and is therefore independent of the 
direction in which ds is drawn from s. This ratio of similarity is, in fact, in 
the particular case of the integral linear functions, not only constant about 

* The proposition is in this ease equally true, whatever the length of the vectors may be. 
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every one point, but is the same for all points in the plane. In general, how- 
ever, this will not be true, but different portions of the plane will be distorted 
in different ratios by the transformation. 

11. These two properties of integral linear transformation, that every 
angle in the plane is converted into an equal angle and that the ratio of sim- 
ilarity is the same on all sides of every point, we have selected for special 
consideration, because these are fundamental properties of all* functions of a 
complex variable. Every such function defines a geometrical transformation 
of the complex plane of such a character that every angle is preserved and the 
infinitesimal region surrounding any point is equally expanded (or contracted) 
in all directions. That portion of the Theory of Functions which deals with 
the geometric representation of functional relations is therefore a part, and in 
fact the greater part, of the general theory of Orthomorphic Transformation. t 

II. THE GENERAL LINEAR FUNCTION. 

1. The reciprocal function w = s~^ ; Geometric inversion. 

12. Of the general linear function, w = {fx2 + /9) (j-s + d)"^, we have thus 
far considered a special class, the integral linear functions, which are defined 
by the condition ;- ^ 0. A second simple case occurs when a := iJ = and 
^ ^Y, when accordingly w = z^^. This function s^^ we shall call the recipro- 
cal function. 

If we write s in its polar form, z = r (cos d -\- i sin 6), we have 

M) = - = ^ ■*• . . ^, ^ - (cos e — i sin ^) = - [cos (— d) + i sin (— d)'\. 

z r (cos d + isind) r^ r 

The modulus of w is, therefore, r"^, and its angle is — d. Geometrically 
the operation of passing from the point z to the corresponding point w; may 
evidently' be considered as taking place in this way : We draw a radius vector 
from the origin to the point s, whose polar co-ordinates we denote, as before, 
by r and d, and on this radius vector we take a second point (r', d'), such that 
r = r~^, while obviously d' = 6. The complex number corresponding to 
this second point will be z' = r~^ (cos 6 + i sin 6). If now, further, we 



*The term "all functions" is here to be understoocl as including only the functions of 
ordinary analysis. The statement in the text is of course true of many other classes of functions, 
but it is not intended here to state any proposition about "functions in general." 

t " Conforme Abbildung," " Isogonale Verwandtschaft," for which Orthomorphic Transforma- 
tion seejns an acceptable English equivalent. 
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take a third point (?•", d"), symmetrical to the second with respect to the real 
axis, we shall have r" = r' = /•■"', d" = — d' ^ — 6 ; i. e. this will be the 
point w. 

The operation implied by the equation to = z~^ consists, therefore, of 
two parts. First, every point in the plane is replaced by a second point on 
the same radius vector through the origin as the first point, and at such a dis- 
tance from the origin that / := ?•"'. This operation we shall call Geometric 
Inversion. Secondly, the entire resulting configuration is reflected on the 
real axis as if this were a mirror. This second process we shall call simply 
Reflection. 

13. The two operations may be considered separately. The reflection on 
the real axis converts any portion of the plane into an equal portion symmet- 
rical to the first with respect to the real axis. If a point moves along the 
boundary of the given portion in the positive direction, the corresponding 
point in the reflected figure will move along the reflected boundary in the 
negative direction. Any positive rotation will be reflected into a negative 
rotation. And if any angle be formed in the plane by the meeting of two 
curves 4 and B, and if the corresponding reflected curves be A' and J3', then 
the angle from A to B will be equal and of opposite sign to the angle meas- 
ured from. A' to B' . Every value of z is converted into its conjugate value, 
which we shall denote by i. Otherwise the operation of reflection is of so 
simple a character that it needs no special consideration. The geometric 
inversion is, however, not only an important theory by itself, but it is also 
of great importance for the further development of the present subject, and 
accordingly we shall devote a considerable space to its treatment. 

14. To investigate the properties of the operation of geometric inversion 
we examine the effect of this transformation on various simple geometrical 
figures which we suppose drawn in the plane.* Thus, if we draw a circle of 
radius unity about the origin as a centre, every point on this circle will evi- 
dently be unchanged by the inversion, for, since for points on this circle >• := 1, 
r' = /■"' = 1 also. This circle, which we call the unit circle, is therefore 
entirely unchanged by inversion. Every point which lies within the unit 
circle is converted into a point outside the circle, and vice versa. Any circle 
with its centre at tjie origin and lying within the unit circle will become a 
circle having its centre also at the origin, but lying outside the unit circle, the 
relation between the radii being i'r' = 1. 

Again, if /any straight line be drawn through the origin, every point on 

• The plane need not be regarded as the complex plane. The theory of inversion is a part of 
the ordinary metrical geometry. 
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this line will be converted into a second point on the same line. The line 
as a whole, therefore, remains unchanged, but the order of succession of its 
points will be altered. 

If we take a point on such a line and lying very near the origin, the cor- 
responding point will lie on the same line at a great distance, and as the first 
point approaches the origin the second will move oflf to an infinite distance. 
Since this is true of all lines through the origin, it appears that the origin 
corresponds to all the infinitely distant points of the plane, and conversely. 
Since, now, the infinite region of the plane is interchangeable with a single 
point, it is convenient to regard this infinite region as itself a single point, 
and we shall hereafter speak of it as ihe point at infinity.* 

15. To determine what transformations figures other than straight lines 
through the origin and circles about the origin as a centre undergo by the 
operation of inversion, it is convenient to employ the rectangular and the 
polar co-ordinates of a point in the plane, and to obtain formulae of trans- 
formation in terms of the former. This is very simply accomplished by the 
mediation of the complex quantity. Thus, if 



z ^ X -\- yi = r (cos 6 -\- i sin d), 



then 



But 



Hence 



r^V^x^-\-y^, x=rcosd, and y = rsmd. 



- (cos d 4- i sin d) = -„ (cos d + i sin 6) ^ « « • 



8 ' ^ 7.2 _L i;2 ■ 



Conversely, 



a;2 + y^ ' •' x' +y 



« = —2A — To . and y = -yg-^ — ;» 
x^ + y^ "^ x^ -{- y' 



We may now examine into what curves straight lines in the plane which 
do not pass through the origin are converted. The Cartesian equation of such 
a line is 

Ax + Bij + 0=0, 

* In general, in »-dimensional space, the infinite region is to be regarded as a linear configura- 
tion of ft — I dimensions. Thus, if » = 2, we have the line at infinity ; if «. = 3, the plane at infinity. 
By n dimensions is meant re renl dimensions. In the case of the complex number » = 1. 
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where (7< 0. This becomes on transformation 

x^ -[- y^ x^ + y^ 
or 

Ax' + By' + C{x'^ + y'^) = 0. 

This is the equation of a circle passing through the origin. The tangent to the 
circle at the origin is the line Ax + By = 0, which is parallel to the original 
line, a fact which is often of use in the construction of inverted figures. 
Again, the circle 

x^ +y^ +2gx + 2fy + c = 

becomes on inversion 

(.^'2 + 2^'2)2 + x'^+y'^ +^-"- 
or 

c {x^ + y'^) + 2^*' + 2/2/' + 1 = , 

which is again a circle. An exception occurs when c = 0, in which case we 
have the straight line 'igx + 'ify -f 1 = 0. 

16. To sum up the results thus far obtained, we have found that every 
straight line is converted into a circle passing through the origin, unless the 
line itself passes through the origin, in which case it remains unchanged, and 
that every circle becomes a circle unless it passes through the origin, in which 
case it becomes a straight line. 

A straight line may be regarded as a circle whose centre lies at infinity, 
and whose radius is of infinite length. And as our transformation inter- 
changes lines and circles, it is convenient to make no distinction between 
these two curves, but to regard them both as circles. We have, then, the 
proposition : The operation of geometric inversion converts every circle into a 
circle. 

A straight line may be regarded also as a circle which passes through the 
point at infinity, but lies partly in the finite portion of the plane. Accord- 
ingly, since the origin was inverted into the point at infinity, any circle pass- 
ing through the origin becomes a circle passing through the point at infinity, 
i. e. a straight line ; and, conversely, any circle passing through the point at 
infinity, i. e. any straight line, becomes a circle through the origin. 

The property that every circle becomes a circle, we shall find, is not only 
true of geometrical inversion, but is a fundamental characteristic of all linear 
transformations. 
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17. A second important property of inversion is deduced from the con- 
sideration of the effect of this transformation on the angle at which any two 
curves meet in the plane. 

If A* and B be any two points in the plane, and if A' and £' be their 
inverse points with respect to the origin 0, then OA . OA' = OB . OB' = 1 ; 

accordingly, jy^, = YfT" ^^^ *^® triangles OAB and OB' A' having the angle 

in common are similar. The angle OAB is, therefore, equal to the angle 
OB' A', and the angle OB A is equal to the angle OA'B'. Also, 

l^AA'B' = iOB'A + l_0=^ lA'AB + 10. 

If the points A and B lie on any given curve, the points A' and B' will 
lie on the inverse curve. If now B approach A along the given curve, the 
chord AB will have for its limiting position the tangent to the curve at A, 
and the angle A'AB will, therefore, become the angle at A between the curve 
and the radius vector OA. At the same time the point B' will approach the 
point A' along the inverse curve, the chord A'B' will become a tangent to the 
inverse curve at A', and the angle AA' B' will become the angle at A' between 
the tangent and the radius vector OA '. Also, since the angle at becomes 0, 
we have, in the limit, /^A A'B' = [A'AB. We have, therefore, this result: 
that, at the points where a radius vector through the origin cuts two inverse 
curves, the angle which it makes with the tangents to their curvew are equal 
in amount, but are measured in opposite directions. 

Suppose, now, that two curves BA\ and CA meet at A. The corre- 
sponding inverted curves B'A' and C'A' will meet at A'. Then, since the 
angles from the radius vector to either curve and to its inverse curve are 
equal and opposite, their difference, i. e. the angles BAC and B'A'C, will 
also, evidently, be equal and opposite. That is, if two curves meet at any 
angle, their inverse curves meet at an equal angle, but the two angles are 
measured in opposite directions. 

The operation of geometric inversion, therefore, leaves every angle in the 
plane unchanged in amount, but reversed in direction. On this property and 
on that that every circle becomes a circle the greater part of the theory of 
inversion is based. 

18. We have arrived at the theory of inversion from the consideration of 
the reciprocal function w = z"^, and accordingly we have taken the unit circle 



* See Plate I, Fig. 1. 
tSeePlatel, Fig. 2. 
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about the origin as the fixed circle of reference. From the geometric stand- 
point the definition of inversion which we have thus adopted is unnecessarily 
restricted. Two obvious generalizations present themselves, which we shall 
now adopt in the geometric treatment of the subject. In the first place, it is 
clear that we may define a geometric inversion with respect to any centre, not 
necessarily the origin of the complex plane. And again, we may take as the 
fixed circle any circle of a radius li about the centre of inversion as a centre. 
Two points are then said to be inverse to each other with respect to the given 
circle if they lie on the same radius vector drawn from the centre of the circle 
at distances from the centre r and / such that rr' = k'^. If then r = k,r' is 
also k, so that the given circle is really fixed with respect to the inversion as 
thus defined. 

Two points which are inverse to each other with respect to a given circle 
are also called conjugate points with respect to this circle. 

19. Given any configuration and its inverse with respect to a unit circle, 
if we magnify the figure in the ratio of 1 to A; we shall obtain inverse configu- 
ration with respect to the circle of radius k into which the unit circle is mag- 
nified. For if r and / are the radii vectores of two conjugate points with 
respect to the unit circle, and r.^ and 7\' of the corresponding points in the 
enlarged figure, we have r^ = kr, r^' = kr' . Hence r^r.^ = k^rr' = k^. 

It is clear, then, that the generalized operation of inversion has all the 
properties, with a few unimportant modifications, of the special case thus 
far considered. Thus every circle is converted into a circle, and every angle 
is preserved in amount and reversed in direction. 

20. By the aid of the two fundamental properties just mentioned, we shall 
now deduce further properties of the operation of inversion. If a circle cut 
the fixed circle in two points A and B, since these points remain fixed, the 
inverted curve will be a second circle through the same two points. If, fur- 
ther, the given circle cut the fixed circle at right angles in A and B, the in- 
verted circle will also cut the fixed circle at A and B at right angles. But 
since a circle can satisfy onlj three independent conditions, — in the present 
case, that it shall pass through two points in given directions, — the inverted 
circle and the given circle must entirely coincide. 

Every circle which cuts the fixed circle at right angles is therefore 
unchanged as a whole by the inversion, but the order of arrangement of its 
points will be altered. Conversely, every circle which is unchanged by inver- 
sion cuts the fixed circle at right angles, unless it be the fixed circle itself. 

If, now, we draw any radius vector throixgh the centre of the inversion 
cutting any orthogonal circle in two points A and B, since the radius vector 
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and the circle both remain unchanged as wholes, it follows that the points A 
and B are interchanged by inversion. Every such radius vector, therefore, 
cuts out from the orthogonal circle a pair of conjugate points with respect to 
the circle of inversion. 

Any circle through two such conjugate points will be converted into itself. 
For, since of two conjugate points one necessarily lies within and the other 
without the fixed circle, a circle through two such points must cut the fixed 
circle. But the operation of inversion leaves the two points of intersection 
unchanged, and merely interchanges the two conjugate points. Hence the 
given circle and its inverse circle have these four points in common, and there- 
fore coincide throughout. The given circle is therefore converted into itself, 
and consequently cuts the fixed circle at right angles. 

If two circles cut the fixed circle at right angles, they will intersect in two 
conjugate points. For, since both circles are unchanged by inversion, their 
two intersections must be interchanged. This property may be adopted as a 
definition of conjugate points, and the entire theory of inversion may be de- 
duced from it. 

21. The point conjugate to a given point with respect to a given circle is 
readily found by a simple geometrical construction, as foUows : * If the given 
point lie outside the given circle, join it to the centre by a straight line. Draw 
the two tangents from the point to the circle, and join their points of contact 
by a second straight line. The intersection of these two lines is the point 
required. 

If the given point lie within the circle, join it to the centre by a straight 
line. Draw a second straight line through the point perpendicular to the 
first. At the points where this second straight line cuts the circle draw the 
tangents. Their intersection is the point required. 

In particular, if the given point lie at infinity, the inverse point will evi- 
dently be at the centre of the circle, and vice versa. 

If the given circle be a straight line the conjugate of any point with re- 
spect to the line is the point obtained by reflecting the given point on the line. 
For, all circles which pass through the given point and cut the given line at 
right angles, pass also through the reflected point. It appears, therefore, that 
a reflection on a straight line is only a particular form of inversion. 

22. We may now obtain an important proposition with regard to conju- 
gate points. If we invert the plane with respect to any circle, conjugate points 
with respect to any circle become conjugate points with respect to the inverted 

* See Plate I, Fig. 3. 
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circle. For, if we draw two or more circles through auy pair of conjugate 
points with respect to the given circle, these circles cut the given circle at 
right angles. But the operation of inversion converts the given circle into a 
circle, and the orthogonal circles with respect to the given circle into orthogo- 
nal circles with respect to the inverted circles. Accordingly the inverted or- 
thogonal circles pass through conjugate points with respect to the inverted 
circle, and therefore their two common points are conjugate to each other. 
But these are the inverse of the two given conjugate points. 

By the aid of this propositioU we can determine into what point the cen- 
tre of a given circle is inverted.* For the centre is conjugate to the point at 
infinity with respect to the given circle. But the point at infinity becomes the 
centre of the circle of inversion. Consequently the centre of the given circle 
is inverted into the point conjugate to the centre of the circle of inversion 
with respect to the inverted circle. 

2. Combination of the preceding operations. 

23. We proceed, now, to a second series of developments, which are of 
importance for the understanding of the nature of the fractional linear func- 
tions. These developments are obtained by a combination of the operation 
of inversion just considered with the operations defined by the integral linear 
functions. 

If we suppose the points in the complex plane to undergo any of the 
various forms of the logarithmic spiral motion, their inverse points with 
respect to any centre of inversion will also undergo certain systematic motions, 
and it is to these new species of transformation that we have next to direct 
our attention. 

24. We begin with the case of translation. Suppose in the figuret the 
lines A£ to be lines of motion, the lines CD belonging to the orthogonal 
system. The inverse of the lines AB will be a series of circles through the 
centre of inversion and having there a common tangent parallel to the given 
lines. One of the lines will pass through the centre of inversion. This line 
will remain unchanged, and will be the common tangent just mentioned. All 
the lines ^^ on one side of this line will become circles ou one side of this 
common tangent, while the lines on the other side will become circles on the 
other side of the common tangent. 

♦ See Plate I, Fig. 4. 
tSee Plate II, Fig. 5. 
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The lines CD will become an equal system of circles, orthogonal to the 
first system and having for their common tangent at the centre of inversion 
that line CD which passes through the origin. 

If now a point moves along one of the lines, the inverse point will move 
along the corresponding circle. A motion of the point along the entire length 
of the line AB from infinity to infinity will correspond to a motion of the 
inverted point from the centre of inversion entirely around the corresponding 
circle back to the starting point. To a translation of the given plane corre- 
sponds, therefore, a deformation of the inverted plane, in which every point 
moves along that circle which passes through it and corresponds to a line of 
motion of the translation. This species of motion is called the Parabolic 
Motion. The corresponding directions of motion are indicated in the figure 
by arrow heads. 

25. A second important class of new motions is obtained in the same way 
by inverting the motion of rotation in the complex plane.* If the point P be 
the centre of such a motion, the lines of motion are circles about Pas a centre, 
while the orthogonal system is composed of straight lines through P. If we 
invert the plane, the point P becomes the inverse point P'. The circles about 
P whose radii are less than OPwill become circles surrounding P.' They 
will be symmetrical with respect to the line OP, but will not, however, have 
their centres at P' . They are so situated that, if a straight line be drawn 
through P' perpendicular to OP, the pairs of tangents drawn at the points 
where this line cuts the successive circles will meet at the centre of inver- 
sion 0. 

The circle about P which passes through the origin will become a straight 
line perpendicular to OP and bisecting OP'. And if the radius of the original 
circle about P be greater than OP. i. e. if this circle include the origin, the in- 
verted circle will also include the origin. Moreover P' will be conjugate to the 
origin with respect to the inverted circle, and consequently, will lie outside of 
it. And if tangents be drawn to the inverted circle from P', their chord of 
contact will pass through 0. The circles about P whose radii are greater than 
OP will, therefore, invert into a system of circles surrounding the origin, ar- 
ranged in the same way as the circles about P' . 

Of the orthogonal system, the line OP will be unchanged, and is the axis 
of symmetry of the configuration. Every other line through P will become a 
circle through and P', and this system of circles will be orthogonal to the 
first system. 

If now a rotation take place in the complex plane about the point P, all 

* See Plate II, Fig. 6. 
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points in the plane moving along the circles about P, the inverse points will 
move along the circles about P' and 0, the direction of motion being indicated 
by the arrow heads. This motion is called the Double Circular, or Elliptic 
Motion. 

Again, if we suppose an expansion to take place from P outward, all 
points in the plane moving along the system of rays through P, the inverse 
points will move along the system of circles through and P'. In particular, 
if a point start from P and move along the ray through P to infinity, the in- 
verse point will start at P' and move to 0, along the corresponding circle. 
This species of motion is called the Asymptotic, or Hyperbolic, motion. 

26. If we combine the motions of expansion and rotation about the point 
P, thus producing the logarithmic spiral motion, the result in the inverted 
plane will be a combination of the elliptic and hyperbolic motions. The in- 
verted points will move about P' , while at the same time they are carried away 
from P' toward 0. The curves of motion are easily seen to be Double Spirals* 
having the points P' and as poles. 

27. In all the forms of transformation which we have considered, there 
will pass through every point of the plane one, and only one, line of motion. 
All points on such a line will be moved along this line in such a way that their 
order of succession, and that the connections of the parts of the plane in gen- 
eral, are unchanged. A clear understanding of this principle lies at the 
foundation of the entire present theory. 

28. The equation of the double spiral, in so-called bipolar co-ordinates, 
may be obtained by the following method, which is one of considerable appli- 
cation : Let JLi?t be an arc of the single spiral with its pole at P, A'B the 
corresponding arc of the double spiral with one pole at P' , the inverse of P, 
and the other at the origia O. Denote OA by r^, PA' by r„ the angle P'OA' 
by f, the angle OP A by ip, and the angle AA'P' by ;f. The equation of the 
single spiral is r ^ Cfe*'. But 



hence 



?j — C"e*<*+''') = C'e'"^. 



So long as the double spiral coils about P, we have, whenever it crosses 
OP, f = 0,tp = kn. Therefore, at each passage around P' the ratio riVf^ 

* See Plate II, Fig. 7. 
t See Plate I, Fig. 8. 
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is multiplied by e^*". Consequently the successive coils lie further and further 
from P'. Finally, the double spiral will have a point of inflection at its inter- 
section with OP, and from that point it will begin to coil about 0. At each 
intersection with OP we shall then have <p = 2nn, where n is a fixed integer, 
while <p = mn, where m is the number of turns performed about 0. Conse- 
quently ;f = (2n + m) t:, so that the ratio r^rf^ will still increase, and r^ will 
approach the value 0. 

The orthogonal system of curves are also double spirals, and their equa- 
tions are r-^r^^^ = Ce ~ *' *. The constant k determines the pitch of the original 
logarithmic spirals, while the constants G are determined so soon as any point 
is specified through which the corresponding spiral is to pass. 

The reader wiU easily deduce analytically from the general formula the 
special cases of the Elliptic and Hyperbolic motion. 

29. The linear transformation w = z~^, the consideration of which was the 
starting point of the preceding developments, consisted of two parts, an inver- 
sion of the plane with respect to the unit circle about the origin and a reflection 
of the plane on the real axis. The former operation we have extended, for 
the sake of generality, to include inversion with respect to any circles what- 
ever. We may likewise take into consideration the reflections of the plane on 
any straight line. These reflections in themselves are obviously very simple. 
Considerable interest attaches, however, to the combinations of reflections with 
inversions. One important property of such a compound operation is at once 
clear. Since every inversion and every reflection preserves every angle in the 
plane in amount but reverses it in direction, it follows that a combination of 
an inversion with a reflection, in particular the reciprocation, w = 3"', leaves 
every angle unchanged both in amount and direction. 

30. If we suppose the system of curves which we have just constructed 
from logarithmic spirals by the aid of inversion to be subjected further to a 
reflection on any straight line, the character of these curves will evidently be 
entirely unchanged. They will still be double spirals of various forms as 
before. Indeed, if we have already constructed aU possible double spirals, 
the reflection will merely interchange those on one side of the fixed line with 
those on the other side. One important effect of this rearrangement must, 
however, be noticed. If P be the pole of a logarithmic spiral motion, and if 
P' be the corresponding pole of the inverted motion, then if a point move 
about P on the given spiral in either direction, the corresponding inverted 
point will move about P' along the inverted curve in the opposite direction. 
Whereas, in the case of the inverted and reflected curve, corresponding points 
move about corresponding poles in the same directions. 
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3. Connection of the douhle spirals with the theory of the linear functions of the 

complex variable. 

31. The further general theory of combiuations of inversions and reflec- 
tions we postpone to a later section. At present we are passing gradually to 
the theory of linear transformation, and it is convenient to employ only the 
operation of reciprocation, because this is already defined as a linear function. 
We shall, therefore, restrict ourselves to inversion with respect to the unit 
circle about the origin and reflection on the real axis. This restriction is, 
however, rather apparent than real ; for if we have to invert any configuration 
with respect to a circle of radius k, the relation between the radii of corre- 
sponding points is / = k^r"'^. But if we suppose the plane, as given, to con- 
tract towards the centre of inversion in the ratio of k^ : 1, the new radius 
vector of any point is r^ = rk~^. Now, if we invert the plane with respect to 
the unit circle about the centre of inversion, we have r' = t\~^ = k^r~^, as 
before. Bat the contraction of the plane converts every figure into a similar 
figure. Consequently, it appears that every curve that can be obtained by 
inverting logarithmic spirals with respect to a circle of radius k, can also be 
obtained by inverting logarithmic spirals with respect to a circle of radius 1. 

Again, if the unit circle of inversion does not have its centre at the origin, 
we may translate the entire plane until the centre of the given circle shall 
coincide with the origin. Then we may invert it with respect to the translated 
circle, and finally retranslate it until the circle of inversion reassume its initial 
position. The result will obviously be the same as though the plane had 
simply been inverted with respect to the given circle. It is clear, then, that 
every double spiral can be obtained from a logarithmic spiral by a translation 
of the plane, an inversion with respect to the unit circle about the origin, and 
a second translation equal and opposite to the first. For the sake of analytic 
simplicity we now suppose that in the series of operations the inversion is 
replaced by the reciprocation w = z~^. We may then state at once the prop- 
osition, that every double spiral can be obtained from a logarithmic spiral by 
a translation, a reciprocation, and a second translation equal and opposite to 
the first. 

32. For the present purpose the interest in the system of double spiral 
curves, including the Elliptic, Parabolic, and Hyperbolic cases, centres in the 
fact that these systems of curves are the lines of motion corresponding to 
linear functions of a complex variable, and, conversely, that every linear func- 
tion of a complex variable defines a geometrical transformation of the types 
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which we have constructed. It is the establishment of this proposition which 
constitutes the next important development of the subject. 

It was simply for convenience in the examination of this identity of our 
geometric processes with the linear transformations that we suppose the sys- 
tem of curves which we had obtained by inversion to undergo a reflection 
also. These curves, whether reflected or not, are the lines of motion of linear 
transformation, but the process by wliich we pass from a given curve to its 
inverse curve is not a linear transformation of a complex variable, whereas if 
we add the reflection the operation becomes a pair of translations and a recip- 
rocation, all of which are linear transformations. 

33. We proceed now actually to determine for each of the forms of motion 
which we have constructed the corresponding analytic transformation of the 
complex variable. We begin with the simple case of the parabolic motion 
about the origin as a pole. 

If z and w be the complex numbers corresponding to the initial and final 
position of any point in the plane which is to undergo the given motion, we are 
to obtain the analytic definition of this motion in the form of an equation con- 
necting w and 2. We will denote the points reciprocal to w and z by Sg and z-^ , 
respectively, so that z = z{'^ and w = zf'^. Now, when the point z undergoes 
the parabolic motion, passing from the position z along the corresponding 
circle to the position w, the reciprocal point 2, undergoes a translation /9 to the 
position S2 ; so that z^^z^-\- /9. We have, then, w = zf^, z.^ = z^-^ /9, z^ = 2~\ 
and from these we obtain at once 'w = z(l + ^z)"^. w is, therefore, as we have 
asserted, a linear function of z. 

The parabolic motion about the origin as a pole is therefore defined by 
the linear equation w = z{l -\- ^z)~^, where the constant /9 indicates the amount 
and direction of the corresponding translation of the reciprocated plane. 

If the pole of the motion lie at a point ;- instead of at the origin, we can 
bring this point to the origin by the translation Zi=z — ;-. When z performs 
the given parabolic motion, Zi will perform an equal parabolic motion about 
the origin. Accordingly, if z.j^ be the final position of 2, , we have from the 
above Sj = ^i (1 + /^■^i)""'- Now the final position of Sy , which we will denote 
by w, is Z.2 + y. So that we have 

which is again a linear transformation. 
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A parabolic motion about any point y in the complex plane is therefore 
deiined by an equation 



w ■■ 



pz + i-Pr 



where /? defines the translation reciprocal to the given motion with respect to 
its pole. 

34. A separate consideration of the elliptic and hyperbolic motions is 
unnecessary. We proceed at once to the treatment of their combination, the 
double spiral motion, and of this motion we consider immediately the general 
form, where the poles of the double spiral are any points j- and d in the plane. 
The pole y may be brought to the origin by the translation z^=iz — y; then 
the point reciprocal to Sj, Sg ^ 2i~', will perform a logarithmic spiral motion 
defined by the equation Sg = «Sg + /3. The final position of the point Sj will 
be the reciprocal point to Sj, S4 ^ Sg"', and the final position of z will be 
w = s^ + y. Hence, 



which is again a linear function. 

This function can be simplified by the introduction of the second pole <? 
of the spiral in the place of /?. This can be accomplished as follows : The 
translation Sj =r s — ;- converts the point (i into S — j- ; the single spiral motion 
Sg ;= az^ -)- /9 takes place about the reciprocal of this point. Hence, 

/? 1 1 _ « 



From this we readily obtain 



(i-«)r 

d-y 



z — y-^ay — 



^ — r _ (S — ay) z + yd{a — l) 



1 — a , 1 — a (1 — a)z -}- ad — y 

^ z + a— ^ y V y I / 

o — y d — y 

The constant « in this formula defines the extent of the single spiral 
motion which is the reciprocal of the given double spiral motion witli respect 
to the pole y. If a be real, the equation defines an hyperbolic motion. If 
the modulus of a be 1, the equation defines an elliptic motion. 
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35. The equation between w and s may also be written in the form 

,,_ ^(^-r)-«r(^-'^) _ 

z — Y — a{z — 8) 

in which the relation of the motion to the two poles of the double spiral is 
more apparent. These two poles j- and d do not enter symmetrically into the 
equation ; but if we interchange j and 8, and at the same time write for a 
a~^, the equation remains unchanged. 

The explanation of these facts is readily obtained from geometrical con- 
siderations. In the double spiral motion, the motion about the two poles 
takes place in opposite directions, so that a complete symmetry of our equa- 
tion with respect to ;- and 8 is not to be expected. The reciprocal of the 
double spiral motion with respect to the pole y is the logarithmic spiral 
motion s' = a.z, if we omit the constant term /3, which does not affect the 
character of the motion, but only serves to fix the position of the pole. Since 
now, when we interchange y and o, we must also put for a. a~', it appears 
that the reciprocal of the double spiral motion with respect to the pole 8 is 
the logarithmic spiral motion s' = a~^3, omitting again the constant /3'. 

These two logarithmic spiral motions s' = az and a' = a^^s are evidently 
exactly the reverse of each other. They take place along the same system of 
curves, but if one of them carries a point z to z', the other will carry z' back 
over the same path to z. Accordingly, the motion about the two poles of the 
double spirals would be equal and opposite along the same system of curves 
if the two poles were brought into coincidence. To state the result in a 
slightly different form, in which the symmetry of the motion about the two 
poles is clearly exhibited, suppose we construct two equal and coincident 
complete systems of double spirals about any two points as poles. Then, if 
we hold the one system fixed, and turn the other bodily about until the posi- 
tions of its poles are interchanged, the second system will again exactly coin- 
cide with the first. It must, however, be noted that this symmetry is true 
only of the entire system of curves, but not of the individual spirals. These 
are not symmetrical about the two poles, but when their coils about the one 
pole are large, those about the other pole are correspondingly small. All that 
is shown is that any one of the spirals on having its poles interchanged will 
become equal to a second spiral. 

36. It appears from the above considerations that when we interchange 
the two poles of the motion we obtain a second motion equal and opposite to 
the first. The two analytic transformations 



w 



_ (8-ar)z + rS(a^l) ^ , (r-a.8)z + r8{ a-l) 



{\ — a)z-{-a8 — r (1 — «) 3 + «r -- ^ 
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should, therefore, be reverse to each other; that is, if the former converts 
z into w, the latter should convert w into z. That this is the case is seen by 
solving the first equation for z. We have 

(1 — a)w -{- ay — d ' 

which is exactly the second transformation. 

A third and even simpler form of the equation between w and z, which 
we shall frequently find of use, may be deduced synthetically as follows : 
When 2 =: d, w is also d ; hence to — d must contain z — d as a factor. 
Similarly, w — ;' contains s — ;- as a factor ; hence {w — y) (w — d)~^ contains 
{^ — r){^ — ^)~^ as a factor. But (tv — y){w — d)-^ is a linear function of z, 
and can therefore differ from {z — y) (s — d)''^ only by a constant factor. This 
factor is readily found to be a. So that we have 

w; — r z — r 
k = a L . 



w — 



4. The interpretation of the linear transformations. 

37. Having now shown that all the systems of curves which we have con- 
sidered are lines of motion corresponding to linear transformations, we proceed 
next to establish the converse proposition, that all linear transformations have 
for their lines of motion the systems of curves which we have considered. 

For this purpose, we begin by enquiring whether a linear transforma- 
tion w = {az + /?) {yz -\- o)-i leaves any points in the plane unchanged in 
position. If this be the case, we have for these points w ^ z ; hence 
z = {az + /9) {yz + 5)-i. This reduces to yz^ + {fj — a) z — j3 = 0, which is 
a quadratic equation, and accordingly has two roots. We have, therefore, 
the general proposition, that every linear transformation leaves two points 
in the complex plane fixed. 

These two points may be finite and distinct, finite and coincident, or one 
may be finite while the other is infinite, or finally they may both be infi- 
nite. The condition that one of the roots of the quadratic equation should 
be infinite is that the coefiicient of z^ shall vanish ; that is, y = 0. If this 
be the case, the linear transformation reduces to the integral transformation 
w = uo'^y -{- jio-'^, which defines a logarithmic spiral motion in the plane 
about the point ft {a — «)~\ which is the other solution of the quadratic. 
The logarithmic spiral motion therefore, like the double spiral motion, has 
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two fixed points, or poles, one of which is the vertex of the spiral, while the 
other lies at infinity. Geometrically this is also clear. Conversely, every 
linear transformation which has one infinite and one finite fixed point is a 
logarithmic spiral motion. 

38. The second fixed point will also lie at infinity if the coefficient of z in 
the quadratic equation vanishes also, i. e. if ^ = «. The linear transformation 
then reduces to the form w = s + ;3a~^, which is a translation. A translation 
is therefore to be regarded as a special case of linear transformation for which 
the two fixed points coincide and lie at infinity. Conversely, every linear 
transformation which possesses this property is a translation. 

39. There remain to be considered, 1° the case of finite coincident points, 
and 2° the case of finite distinct points. 

In the first of these two cases suppose the double fixed point to lie at -q. 
If in the equation of the given transformation we write for z, s' -f- fj, and for 
w, w' + fj, we shall have a new linear transformation. Moreover, when 
z = 7), w is also equal to ■/]. Consequently, when z' == 0, w' is also 0, and 
there is no other value of z' for which w' has the same value. The second 
linear transformation has, therefore, for its fixed points the double point 0. 
Geometrically the operations z = ^ -\- vj and w =^ w' -\- vj define a translation 
which carries the point ■/] to the origin and moves the sysiem of lines of motion 
bodily with it without changing them otherwise. Again, if we write in the 
second transformation s'^s""^, lo' ^w"~^, we have still a linear transfor- 
mation with a double fixed point at infinity. But every linear transformation 
which has this property is a translation. The second transformation, which is 
the reciprocal of this, is therefore a parabolic motion about the origin ; and 
consequently the original motion, from which the second was obtained by the 
translation z' = z — q, is also a parabolic motion about the point tj. 

Every linear transformation which leaves only one point in the plane fixed 
is, therefore, a parabolic motion about this point as a pole. In particular, if 
the fixed point lie at infinity, the motion is a translation. 

40. If the two poles of the linear transformation be finite and distinct, we 
may bring one of them to the origin by a translation of the plane. By recip- 
rocation with respect to the origin, this point becomes the point at infinity, 
while the second pole is converted by these two operations into a second finite 
point. Both the operations of translation and reciprocation convert a linear 
function into a linear function. The resulting transformation is therefore a 
linear transformation with one fixed point at infinity. But every such linear 
transformation is a logarithmic spiral motion. Reversing our auxiliary opera- 
tions, we have first the reciprocal of the logarithmic spiral motion. But this 
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is a double spiral motion about the origin and the point into which the second 
pole of the original transformation was translated. Again reversing the trans- 
lation, we have finally a double spiral motion about the two fixed points as 
poles. 

Every linear transformation, therefore, which leaves two finite and distinct 
points unchanged is a double spiral motion, which may in special cases reduce 
to a hyperbolic or an elliptic motion. 

41. We have now considered every possible case, and may state the result 
as follows : Every linear transformation leaves either two distinct or two coin- 
cident points in the plane fixed. In the former case the transformation is a 
double spiral motion, which may reduce in special cases to a hyperbolic or an 
elliptic motion, or if one pole lie at infinity, to a logarithmic spiral motion, 
which again includes the operations of rotation and expansion as particular 
forms. In the latter case the transformation is a parabolic motion about the 
fixed point, which reduces to a translation, if the double fixed point lie at 
infinity. The parabolic motion again may be regarded as a special form of 
the double spiral motion for which the two poles coincide. Accordingly we 
have the final result : Every linear transformation is identical with some one 
of the various forms of a double spiral motion. 

42. To complete this portion of the theory of the linear transformation, it 
remains to obtain formulre for the fixed points of a transformation in terms of 
its coefiicients, and to establish an analytical criterion for the cases where the 
double spiral motion reduces to the parabolic, elliptic, or hyperbolic form. 

The fixed points of a linear transformation we shall hereafter call its foci. 
They are obtained from the equation 



and are 



r' + {S-a)s-^ = o, 



2 _ a-S + Via-dr+ A^r and z __ a - S -V {a - dy ^ 4.^r 
^ 2y ^ 2^ ' 

From the equation we have also 

0- — 8 J a 

^x + •^s = and s^z^ — — -> 

formula which are often useful. 

In the particular case of the parabolic motion we have, further, 
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The criteria for tlie elliptic and hyperbolic cases are readily determined 
by the aid of the equation of the double spiral motion in terms of its poles 
and of the quantity a of Sec. 34, for which we will now write s, 

(1 — S) 3 + SSs — 2i 

If this be identical with the transformation w = (as -\- ji) (yz -\- (?)"*, we must 
have 

Sg — ss^ —ka, 1 — £ = *r . 

z^s^(t — l) = kp, esg — z^ = k3; 

where k is an arbitrary constant. 



szg — z^ b 



i> ' 



igft + ^jj a} — h^—{(i. — li)\/{a — dy + \^y a + <•}— v'(« — «J)^ + 4^' 

unless (I. = (J. If o- = (>, z^ = — Zj, and we have 

a Sg — sz^ __ 1 + e 

/3 ~ -z,z, (s - 1) ~ z, (1 - s) ' 

/S — 2i« /9 vr — « Vfi a — i/py ' 

The general formula, however, reduces to this same quantity, if a = d. The 
conditions for elliptic or hyperbolic motion are, therefore, that 

a + d + Via — dy + 4/9r [« + S + \/{a — ti)^ + i^y'Y 

« + fj — ,/(« — (})^ + 4/3j' °^ 4 (a^ — /9j-) 

shall have its modulus equal to 1, or its angle equal to 0, respectively. 

43. We can simplify this condition by the following considerations : 
Given a linear transformation w = (az -\- fi) (yz + ^)~*, the quantity ad — jSy 
is called the determinant of the transformation. This determinant is never 0, 
for then we should have ay~^ ^ j3d~^ , and the given transformation would 
accordingly reduce to w = ay~^, and would therefore cease to be a proper 
transform ation . 
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Now we may divide or multiply all the coefficients a, /?, y, and 8 in the 
transformation by any same number whatever, without altering the transfor- 
mation itself in any way. We will make use of this fact, and will divide each 
of the coefficients by Vad — /3;-, calling the resulting quotients «', /J", /, and o. 
The determinant of the transformation in its new form is, then, 

/ V n ' "■(> fit 1 

ad —^r = — 7)- -—nr == 1- 

«o — [iy (M — pY 

We may therefore always suppose any linear transformation to be given in 
such a form that its determinant is equal to unity. This form we will call 
the normal fortn. 

For the normal form the quantity 

i{aT-{iy) 
which can also be written 

[j (« + 8) + v\ {a + bJ^'fiy-^nY 

<).(> — /9r 

reduces to 

[i (« + ^) + i/f (^^+T)'^^^^l]^ 

If, now, we write \ {a -\- d) ^ cos (p where (p is some complex number, we 
have at once 

e = (cos ^ + i sin (pY = cos (2(f) + i sin (2^). 

But if the modulus of £ be 1, then s = cos (p -\- i sin <}i, where ^ is a real angle. 
Hence, if the given transformation be an elliptic motion, If, and consequently 
(p, must be a real angle. The sufficient and necessary condition, therefore, 
that a linear transformation, given in its normal form, shall be elliptic is, that 
^ (a + ^) = cos (p, where ^ is a real angle, i. e. that \ {a -^ d) shall be real and 
less than 1. The angle (p is then half the angle of the corresponding rota- 
tion. The condition that the transformation shall be hyperbolic is, that £ 
or \ (a -\- 8) -\- \/\ (a -\- Sy — 1 shall be real. This can only happen when 
^{a + §) is real and greater than 1. The conditions for elliptic, parabolic, 
and hyperbolic transformations are, therefore, for the normal form, that 
\{a -\- d) shall be real, and < 1, ^ 1, or > 1, respectively. The correspond- 
ing conditions for the case of linear transformations not in the normal form 
are, that \{a -\- S) (aS — ^5^)"* shall be real, and < 1, = 1, or > 1, respec- 
tively. 
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44. We examine next the number of conditions which suffice to deter- 
mine the various forms of the linear transformation. The general transfor- 
mation w = {0.3 + /9) {ys + d)~'^ contains 4 arbitrary constants, a, /J, y, d. 
Since, however, only their ratios are of account, these reduce to 3 essential 
constants. Each of them is composed of two independent constants, its real 
part and its imaginary part. A general linear transformation depends, there- 
fore, on 6 arbitrary constants, and accordingly can be subjected to 6 inde- 
pendent conditions. Each of the 6 constants can vary from — oo to + oo. 
There is, therefore, a sixfold infinite number of linear transformations of a 
complex variable. "We state this now briefly by saying that there are oo" such 
transformations. 

We may arrive at the same result by other considerations. Thus the 
general linear transformation is a double spiral motion. This is determined 
as soon as we know its poles and the constant s. Each pole is determined by 
its two co-ordinates, and s involves two constants, making 6 in all. 

The elliptic and hyperbolic motion are each subject to one condition, that 
the modulus of s shall be 1, or that its angle shall be 0. These motions are 
therefore determined by 5 further conditions. If their two poles be given, 
these are equivalent to 4 constants. The remaining constant determines the 
extent of the motion. It is to be noted that if the two poles of an elliptic or 
hyperbolic motion are given, the entire system of lines of motion is fixed. 
For the lines of motion in the former case are circles surrounding the two 
poles in such a way that, if the poles be joined by a straight line and a per- 
pendicular erected to this at one of the poles, the tangents to each circle of 
motion at the points where it meets this perpendicular meet at the other pole. 
Such a system of circles can clearly be constructed only in one way when the 
poles are once given, and the same is therefore true of the orthogonal system. 
Accordingly, when the poles are given, it only remains to fix the extent of the 
motion along the known circles ; whereas in the case of the true double spiral 
motion, when the two poles are given, we can still construct oo* systems of 
spirals which shall have these poles. We must still have, therefore, one con- 
stant to determine the particular system of spirals, and one to determine the 
extent of the motion on this particular system. 

The parabolic motion is defined by the equation (a — ^) 2 -f ij^y — 
which, since the real parts and the imaginary parts must be equal, is equiv- 
alent to 2 conditions. It requires, therefore, 4 more conditions to determine 
a particular parabolic motion. Thus, if the pole of the motion be given, the 
common tangent to the circles of motion at the pole, and the extent of the 
motion, these are equivalent to 2, 1, 1 conditions, respectively, and determine 
the motion. 
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The reader can easily extend these considerations to the case of the single 
spiral motion. 

45. Having now studied the theory of the lines of motion corresponding 
to linear transformations of a complex variable, we have further to consider, 
as in the case of the integral linear function, the eifect of these transforma- 
tions in distorting the different portions of the plane and in altering their 
relations to each other. 

All linear transformations, as we have seen, are obtainable from the 
various forms of the logarithmic spiral motion by the aid of the operations 
of translation and reciprocation. Each of them has by itself the properties 
that every continuous series of points in the plane remains a continuous series 
of points, that every angle is converted into an equal angle, and, we will also 
note, that every circle becomes a circle. The logarithmic spiral motion and 
the translation have the further property, that the ratio of similarity about 
every point is the same on all sides of the point. A brief consideration will 
show that this is also true of the reciprocation. All combinations of these 
operations possess obviously these same properties. It appears, then, that 
every linear transformation is continuous, leaves every angle unchanged, and 
distorts the elementary region surrounding any point equally in all directions, 
while it also converts every circle into a circle.* 

Analytically, if z and z + dz are two neighboring points, and w and w -^dw 
the corresponding transformed points, we have 

yz -\- d r (^ + "^) + "^ 

Hence, 

From this equation the continuity of the transformation is apparent. More- 
over, we have, in the limit, dw/dz = (ad — ^y) (yz + d)-^, and since the quan- 
tity on the right-hand side of this equation is independent of dz, the ratio of 
similarity at any point z is independent of the direction of dz, i. e. it is the 
same on all sides of z. And from the same equation it is clear that every 
angle is preserved. 

It will be noted that the ratio of similarity is no longer, as in the case of 
the integral linear functions, constant throughout the plane, but is a variable 

* We may add that conjugate points with respect to any circle become conjugate points with 
respect to the transformed circle. 
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quantity, so that different parts of the plane are distorted in entirely different 
ratios. 

We can also obtain a clear conception of the effect of a linear transfor- 
mation in distorting the plane as follows : Construct any two of the lines of 
motion of the transformation. These include between them a certain area. 
Every such area is converted by the transformation in itself. If, in addition, 
we construct any two curves of the orthogonal system, these together with the 
two lines of motion include a curvilinear quadrilateral. The transformation 
will move this quadrilateral along between the two lines of motion and will 
leave it still bounded by two orthogonal curves. By drawing the orthogonal 
curves at proper intervals we can easily arrange, if we wish, that each quadri- 
lateral shall be converted exactly into the next succeeding quadrilateral 
between the same pair of lines of motion. 

46. In the further extension of the subject, the elliptic motions are of 
especial importance, and accordingly we consider next a few examples of this 
type from the point of view of the preceding developments. 

We begin with the transformation w = 3^S which we have already 
treated from a different stand-point. That this is an elliptic motion appears 
at once from the formula in Sec. 42, which gives us £ = — 1, so that the 
corresponding logarithmic spiral motion in this case reduces to a rotation 
through 180°. 

The foci of the transformation are evidently the points + 1 and — 1. 
The lines of motion are circles surrounding these two points. The orthog- 
onal system is composed of circles passing through the two points. These 
two systems of curves correspond respectively to the circles about the centre 
of the rotation through 180° and to the rays through this point. In the case 
of this rotation there passes through every point in the plane one circle of 
motion and one orthogonal ray, and the effect of the rotation is to carry the 
point along the circle to the second intersection of the circle with the ray. 
Similarly, in the case of the transformation w = s"^, there passes one circle 
of motion and one orthogonal circle through every point in the plane, and the 
effect of the transformation is to carry the point along the circle of motion to 
the second intersection of this circle with the orthogonal circle. A repetition 
of this transformation evidently restores every point in the plane to its initial 
position. 

The geometrical character of the transformation will now be clear from 
the figure,* in Avhich the curvilinear quadrilaterals, bounded in each case by 

* Plate III, Fig. 9. 
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two circles of motion and two orthogonal circles, are so lettered that each pair 
of quadrilaterals which are converted one into the other by the transformation 
are marked by the same letter.* The continuity of the transformation comes 
clearly to view, and the property is also geometrically apparent that the trans- 
formation, if repeated, restores every point to its original position. Analyt- 
ically, it is clear that a repetition of the transformation w =s~i must restore 
every point in the plane to its initial position ; for ii w = z~^ and w' = w~^, 
then w' = s. A transformation which has the property that, on being repeated 
n times, it restores every point in the plane to its initial position is said to be 
periodic of period n. The transformation to = s~^ is therefore periodic of 
period 2. Such a transformation is called an involution. The theory of 
periodic transformations will play a highly important part in the later devel- 
opments of the subject. 

47. As a second example we consider the transformation ic={z + i) (?s+ 1)"" ' . 
From the formula of Sec. 42 we have in this case s = i, so that the correspond- 
ing logarithmic spiral motion reduces to a rotation through an angle of 90°. 
The given transformation is therefore an elliptic motion, evidently of period 4. 

The foci of the transformations are the solutions of the equations 
3 = (s + i) (ts + l)~i or ?s2 = «, whence 2^ + 1 or — 1. The lines of 
motion and the orthogonal system are, therefore, the same as in the case of 
the transformation w := s~^.t But if a point lie at the intersection of a given 
circle of motion and a given orthogonal circle, it will be moved along the 
circle of motion until it meets the orthogonal circle which cuts the given 
orthogonal circle at right angles. A repetition of the operation must there- 
fore be equivalent to the transformation m)=^s~*. This is readily verified 
analytically. Ii w = {s + i) {iz + 1)~' and w' =^ {w -{- i) {iw + 1)~S then 

?g + 1 + ^ _^_1 

. z -\- i , -, 2?3 z ' 
i- — - — =- + 1 

?s + 1 

A second repetition of the transformation gives 

to' -\- i \ -\- is 
nv +1 ?, + 3 

* Quadrilaterals which are symmetrical to each other with respect to the imaginary axis are 
also inarkeil alike, but this will lead to no confusion. 
t Since the foci are the same. Cf. Sec. 44. 
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while a third repetition gives 

„, V}" + i 2»3 

tvf + 1 2t 

that is, every point is restored to its original position, and the period of the 
transformation is evidently 4. In the accompanying figure* the quadrilaterals 
which are converted into one another by the repetitions of the transformation 
are all marked with the same letter, so that each letter occurs four times about 
each focus. 

The transformations which arise from the repetition of a given transfor- 
mation we shall hereafter call the poicers of the transformation. Thus in the 
present case, if we denote the transformation w ^{s -\- i) {is -|- 1)~^ ^J S, the 
transformations w = 3~\ w = {iz + 1) (2 + «)""*, and w ^ z will be denoted 
hj S^, 8^, and S^, respectively. The last of these leaves every point in the 
plane unchanged. Such an operation we call an identical transformation. An 
identical transformation is usually assigned the symbol 1. Thus in the case 
just considered we write 8^ = 1. 

48. The reader will find it an interesting and extremely valuable exercise 
to examine for himself other cases of linear transformation in detail. We 
may suggest for this purpose the transformations 

3+1 z—\ z 1 

S — 1 2 + 1 1—2 Z 

all of which are of the elliptic type, w = (s + 2) (2s + 1)~* is a hyperbolic 
transformation with poles at it 1. 

49. In the preceding treatment of the examples of linear transformation 
we have considered the effect of the transformation on small curvihnear rect- 
angles bounded by lines of motion and orthogonal Curves. This treatment 
admits of an extension of great importance for the theory of mathematical 
physics. We may suppose awy congruent systems of curves and the corre- 
sponding orthogonal system to be drawn in the plane, dividing it, as before, 
into small curvilinear rectangles, and consider the efiect of any linear trans- 
formation on these rectangles. 

A thorough examination of this part of the subject would detain us too 
long, but the student cannot be too strongly recommended to examine the 
matter, and thus more thoroughly to familiarize himself with the nature of 
the linear transformation. We can only suggest here a few cases which admit 

* See Plate III, Fig. 10. 
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of simple treatment. Thus, we may take a series of concentric circles about 
the point -|- 1, and let the plane undergo any of the transformations mentioned 
above ; for instance, the transformation w = z~'^. Another interesting config- 
uration would be deduced by considering a system of hyperbolas and ellipses 
with their foci at the points ± 1, and letting the plane undergo the transfor- 
mation w = 3~^, etc.* 

5. The conjugate transformations. 

50. In the treatment of the linear transformations of a complex variable 
we have employed as auxiliary operations the inversions and reflections of the 
complex plane. These are not themselves linear transformations, but only 
become such in combination. It is in several respects interesting to inquire 
whether these operations can be simply connected with the analytical treat- 
ment of a single complex variable, and we shall devote a brief space to the 
consideration of this question. 

The operation of reflection with respect to the real axis is defined, by the 
equation w = s, or w = 3, where z means the complex number conjugate to s. 
Given now any linear transformation w = {as -{- /9) (ys -\- S)~''-, if we suppose 
this to be followed by a reflection on the real axis, the resultant operation is 
defined by the equation w = (as -\- ji) (ys -\- d)~'' . We can obtain in this way 
a new system of transformations, also, oo* in number, which we shall call con- 
jugate transformations. We maintain that among these od' operations there 
are contained all inversions and all reflections of the plane. 

For any invei'sion of the plane is reducible, as we have seen, to a succes- 
sion of a translation, a contraction, an inversion with respect to the unit circle 
about the origin, an expansion, and a second translation. If in this series of 
operations we add to the inversion with respect to the unit circle a reflection 
on the real axis, the effect on the original transformation is to add to this a 
reflection on a straight line passing through the centre of the given inversion 
and parallel to the real axis. This operation is therefore reducible to a series 
of linear transformations, and is therefore itself a linear transformation. Now, 
if to this linear transformation we add again the reflection on the same line 
parallel to the real axis, the result is obviously that we return to the original 
inversion, which is therefore equivalent to a linear transformation followed by 
a reflection. 

It will therefore be sufficient to show that all reflections of the plane on 
sti-aight lines are contained among the operations w = (as + /3) {ys + <))"''■■ 

• See HolzmiUler. Tlieorie cler Isogonalen Verwandtseliaften. 



COLE. THE LINEAR FUNCTIONS OF A COMPLEX VARIABLE. 153 

For this purpose we make use of the fundamental property of reflection, that 
if a plane be reflected successively as two straight lines, the resultant operation 
is not a reflection, but a rotation of the plane about the point in which the two 
lines intersect. Thus* let A B and CB be the two fixed lines meeting in B at 
an angle f, and let DB be any other line through B, making an angle (/> with 
A B and f — </> with CB. Then by a reflection on CB this line DB is eon- 
verted into the line D'B, which makes an angle (p — ^ on the opposite side of 
CB, and consequently an angle 2(p — (/> with AB. If this line be then reflected 
on AB, it becomes the line D"JS, which makes an angle 2<p — (/> with A£, and 
consequently an angle {2fp — ^) -f ^ or 2^ with its initial position DJi. Since 
this angle is independent of (p, it appears that every line DB is turned about JS 
through the same angle ; i. e. that the entire plane is rotated about £ through 
the angle 2(p. 

In particular, if the two fixed lines are perpendicular to each other, the 
resultant of the two corresponding reflections is a rotation through 180°. 

Suppose now that the line ^^ is the real axis while OB is any other line 
in the plane. Then a reflection on CJi followed by a reflection on AB gives 
as a result a rotation of the plane about the point £. If now we add to this 
result a second reflection on A B, we return to the reflection on CB, which is 
therefore equivalent to a rotation about £ followed by a reflection on AB. 

Every reflection of the plane, and consequently every inversion, is there- 
fore reducible to a linear transformation of the complex variable followed by 
a reflection on the real axis, and every such transformation is therefore defined 
by an equation of the form w = (as -j- /3) {y2 + ^)~'. 

These are, however, not the only operations of this form, as is readily 
seen if we count the constants involved. Thus an inversion is determined by 
3 constants, the co-ordinates of the centre and the radius of the fixed circle, 
and a reflection is determined by the 2 co-ordinates of the fixed line. But 
there are oo° of the operations w = («s + ji) (yz -\- d)~'^. 

The general theory of these conjugate transformations is much more com- 
plicated than that of the linear transformation, and we shall only mention 
briefly the more prominent features. The complication in the theory arises 
partly from the fact, that the conjugate transformations have no lines of 
motion. t Again, the treatment of the linear transformations was simplified 

* See Plate IV, Fig. 11. 

t Thus, in the case of inversion, it is clear that no line can be drawn from a given point to 
the corresponding inverse point, such that all the points on this line shall be moved along the 
line, retaining their order of succession. For the point where the line cuts the circle of inversion 
remains fixed. 



154 COLE. THE LINEAB FUNCTIONS OF A COMPLEX VABIABLE. 

by the consideration of the two fixed poles of the motion. Now, if we seek 
for the fixed elements of a conjugate transformation, we must put, as before, 
w ^ z. This gives us 

i =; '^ "^ ' , or yzz -\- bz — az — 5 = 0, 

yz -\r 

or 

r («^ + 2/^) 4- ^ (« — yi) — « (« + f) — /9 = 0. 

Writing, now, a^ a.^^ a^i, /3 ^ ^i + ^■i^i T ^= ^\ + ^a'; d = d^ -\- cl ^^, 
and separating the real and the imaginary parts, we have the two equations 

'^i (*^ + y^) + d^x + d^y — «!« + a^y — Jj = 
and 

'-'a (*^ + y^) + <*'2* — d\y ~ «2«^ — «i2/ — ^2 = 

to determine the fixed points of the transformation. These are the equations 
of two circles. These two circles may not be real, and, if real, they do not 
necessarily intersect, and, consequently, the given transformation may have 
no fixed points. If the circles intersect at all, they must intersect iu two 
points, which will be the fixed points of the transformation. But the two 
circles may coincide, or the equation of one of them may disappear iden- 
tically. The corresponding transformation then leaves the entire remaining 
circle fixed. Among these last transformations the inversion and reflection 
are obviously included. 

The conjugate transformations seem to have been very little studied from 
this point of view. 

One fundamental property of these transformations remains to be noted. 
The linear transformations have the property, that, if two of them be applied 
successively to the plane, the result is itself a linear transformation. Thus, if 



we have 



:'^ + ^ and ^" = ^^i 

yz ^ b yz -]- o ' 



_ '^ yz+d^P _ {aa' +^y)3 + a' ft + I^S 
- az + ft . (af + yd') z + fty' + fU ' 
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The combination of two conjugate transformations, on the contrary, is not a 
conjugate transformation, but a linear transformation. Thus, if 

z = — ^i and z = , , , \, , 

yz + yz + a 

we may write the latter operation also in the form 

„ a'z' -f- 3' 

■2 = =v=v — wr 

y'z' + d' 
The combination of the two operations gives us, then, 



«-f^+? 


{a'a + ^'r)z + fa'+'^'S 


?'~M+»- 


(uY + r'^') z-\-fr' + ^' 



This is a characteristic distinction between the two classes of operations. 

The reader will easily show that any combination of a conjugate transfor- 
mation with a linear transformation is a conjugate transformation. From this 
it will be clear that, instead of constructing the conjugate transformation from 
the linear transformation by adding to the latter the reflection on the real axis, 
we might have employed, in the place of this reflection, any other conjugate 
transformation. 

6. The representation of the complex quantities hy means of points on a spher- 
ical surface. 

51. Thus far we have represented the complex quantities geometrically 
by means of points in a plane. The complex numbers constitute a two- 
dimensional system, and accordingly require for their geometrical represen- 
tation a two-dimensional configuration. The plane is the simplest configura- 
tion of this species, and accordingly naturally presents itself first. But any 
other surface may be employed in the place of the plane for the same pur- 
pose. Among the various surfaces the simplest, after the plane, is the sphere, 
and, as the representation of the complex quantities on the spherical surface 
is closely connected with several important results of the modern mathematics, 
we shall next consider this representation in some detail. 

In order that such a representation may be of utility for mathematical 
purposes, it is essential that the continuity of the system of complex num- 
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bers should be reproduced in the continuity of the geometrical representation. 
Thus, in the case of the plane, every set of values of the complex number 
which forms a continuous system is represented in the plane by points which 
form a continuous region. The same result is readily produced, in the case 
of the spherical surface, by the aid of the theory of stereographic projection 

52. We begin by supposing the complex number to be represented in the 
plane in the usual way. The plane we will suppose to be held horizontal. On 
the plane we place the sphere so that it is tangent to the plane at the origin 
The point of tangency and the diametrically opposite point of the sphere we 
will call its south and north poles respectively. 

If, now, we join each point of the plane with the north pole of the sphere 
by a straight line, this line will cut the sphere in one other point. This point 
we will call the corresponding point to the given point in the plane. The rep- 
resentation of the complex number on the spherical surface is now easily 
secured. If the complex number corresponding to any point in the plane 
be z, we have only to assign this number to the corresponding point on the 
sphere. 

By this mode of representation to every complex number there corre 
sponds one point on the spherical surface, and, conversely, to every point on 
the spherical surface there corresponds one complex number.* 

That the distribution of the complex numbers on the sphere reproduces 
the continuity of the analytical system is evident. The reader will format 
very convenient conception of the distribution, if he imagines every point in 
the plane to be stamped with the value of the corresponding complex number 
and the same marks to be then transferred to the corresponding points on the 
spherical surface. 

53. We proceed now to examine the character of the representation on 
the spherical surface more closely by the aid of our previous knowledge of 
the distribution in the complex plane. For this purpose we draw in the plane 
various configurations, mainly straight lines and circles, and determine the 
corresponding configurations on the sphere. 

The bundle of rays through the origin in the plane evidently become 
meridian circles on the sphere, while the system of circles about the origin at 
a centre is converted into parallels of latitude. One of tlie circles, therefore 
becomes the equator of the sphere, and by properly choosing the radius on 
the sphere we can arrange that this circle shall be the unit circle. Every 
circle of the system which lies within the unit circle will then become a par- 

♦ One apparent exception, presently to be noted, occurs in the case of the north pole of the 
sphere and the points at an infinite distance in the plane. 
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allel of latitude in the southern hemisphere, while those which lie outside the 
unit circle will become parallels in the northern hemisphere. As the radius 
of the circle in the plane is increased, the corresponding parallel will lie closer 
and closer to the north pole of the sphere. As the limiting case all the points 
at an infinite distance in the plane are converted into the north pole itself. 

54. The point-to-point relation between the spherical surface and the 
plane fails, therefore, in this one case. But the correspondence between the 
system of complex numbers and the points in the spherical surface is not on 
this account in any way defective ; on the contrary, it is more complete ; for 
we have already seen that it is necessary for the purpose of the theory of 
functions to regard all the infinitely distant points of the plane as a single 
point. This requirement is geometrically realized in the case of the sphere, 
and no convention on this point is longer necessary. On account of the com- 
plete agreement of the geometrical and analytical theories, the representation 
on the spherical surface is in several respects simpler and more convenient 
than that in the plane. 

55. Eeturning to the correspondence of figures in the plane and on the 
sphere, we consider next the case of any straight line and of any circle in the 
plane. The lines joining the points of a straight line to the north pole of the 
sphere lie in a plane which cuts the sphere in a circle passing through the 
north pole. Every straight line in the complex plane is therefore converted 
into such a circle on the sphere. Again, the lines joining the points of a 
circle to the north pole of the sphere lie on the surface of an oblique circular 
cone. By the proposition of ApoUonius every such cone has two sets of cir- 
cular sections, which are called subcontrary to each other. We assert that 
the curves of intersection of the cone with the sphere is one of the circular 
sections of the cone which are subcontrary to the given circle in the complex 
plane. 

The proof follows at once from the fundamental property of subcontrarj' 
sections. Thus in the figure* let ABC be any circle in the complex plane, 
A and B being the points of the circle nearest to and farthest from the origin. 
Let P be the north pole of the sphere, and PSIiO be the section of the sphere 
cut out by the plane FOB. The figure will otherwise explain itself. Now 
RS will be the diameter of a circular section of the cone subcontrary to ABC, 
if d ^ ^ and, consequently, /3' = a. 

But 

/3 = i arc 6>P— J arc 6>/S'= 90° — \ arc 08, 

* See Plate IV, Fig. 13. 
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and 

a' = i arc SF = i arc OP ~ i arc OS = /3. 

JiS and AH are then diameters of subcontrary circular sections of the cone. 
But the plane of the circular section in which JiS lies will also cut the sphere 
in a circle, of which liS will also be a diameter. This plane therefore cuts 
the cone and the sphere in the same circle, which is therefore the intersection 
of the cone and the sphere. 

56. Every straight line and every circle in the plane becomes, therefore, a 
circle on the spherical surface, which in the case of the straight line is only 
distinguished by the fact that it passes through the north pole of the sphere. 
Geometrically the north pole is not different from any other point on the 
spherical surface, and there is no essential distinction between these two 
classes of circles. The convention which it was necessary to adopt in the 
case of the complex plane, that no distinction in kind should be made 
between straight lines and circles, but that the straight lines should be 
regarded merely as a special class of circles which pass through the point 
at infinity, therefore falls away as superfluous in the case of the sphere, as 
indeed do all conventions which were needed to adapt the geometry of the 
plane to the system of complex "quantities. 

57. A further important property of stereographic projections is likewise 
readily obtainable by purely geometrical considerations. Thus,* if A be any 
point in the complex plane, and S the corresponding point on the sphere, and 
if ST be the trace of the tangent plane at S on the plane POA, we have, in 
the figure, 

y3 = J arc SP, a = \ arc 0P—\ arc OS = \ arc SP. 

Hence u. = /9. The tangent plane at S and the complex plane therefore make 
the same angle with the line of projection PA. If, now, we draw any two 
straight lines in the complex plane through A, these will become circles 
through S on the sphere. The tangents to these circles will be the intersec- 
tions of the tangent plane at S with the two planes of projection. But on 
account of the symmetry of the complex plane and the tangent plane with 
respect to the line PA, it is evident that the angle between the two tangents 
at S is equal to the angle between the given straight lines in the complex 
plane. It appears, therefore, that every angle in the plane is equal to the 
corresponding angle on the spherical surface ; that is, the stereographic pro- 

* See Plate IV, Fig. 14. 
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jection, like the linear transformation in the plane, is a conformal transfor- 
mation.* 

58. We establish, next, the analytical theory of the relation between the 
representation of the complex number in the plane and that on the sphere. 
For this purpose we introduce a Cartesian co-ordinate system in space. As 
the origin we take the origin in the plane, and, for axes of two of the co-ordi- 
nates f and -/f, the real and imaginary axes respectively in the plane. The 
third axis, that of ij' , is taken at right angles to the plane, and so that its posi- 
tive direction is upward. 

For convenience we assume the radius of the complex sphere to be ^. 
The equation of the sphere is, then, 

f' + f' + (C-i)' = i, or c2 + r/ + c(C-l) = 0. 

If, then, X and y be the Cartesian co-ordinates of any point in the plane, and 
f, ;f, and ^ those of the corresponding point on the sphere, we have, at once, 
from the theory of similar triangles, 

?^ + n^ _ _^±_y^_ -„ . f _ ^ 

i-c *^ + 2/^ + 1 "ri-y 

Combining these equations with the equation of the sphere, we readily deduce 

^ tC — |— y ^ do 






«^ + 2/^ + 1 



= 0; 



"I l_^8 + y^ + IJ 

The three equations 



y. f = 



a-2 + 3/« + 1 ' i«2 + 2/2 + 1 



* X y x'^ + y^ 

a;^ -f 2/« + 1 ' '^~a;» + y2 + l' ^ " a!^ + y^ _|_ 1 

* Strictly speaking, it is necessary to show also that the ratio of similarity is constant about 
any point. The reader can easily supply this omission. 
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give the values of f, q, ^ in terms of x and y. From these we have, also, 

,,^ + 2/^= C _ f = ^ = «'(1-C); 

■» — k U 1 



These equations, 



•■• * =" 1^37 • Similarly, y = ^ZZr? ' 



y = _2_-, aj2 + jf2 = -— ^ 



1_<;^' ^ 1 — C "^ ~1— C' 



give the values of x and y in terms of f, •>;, i^. Since on the equator of the 
sphere ^ ^ ^, we have for the circle in the plane corresponding to the equa- 
tor x^ -\- y^ =z 1. That is, this is the unit circle. 

59. We can now readily show analytically that every straight line and 
every circle in the plane becomes a circle on the sphere. For if the equations 
of a straight line and of a circle be 

«« + Jy + c = and x^ -^ y^ + Igx + Ify + c ^ 0, 

we have, from the preceding equations, for the corresponding curves on the 
spherical surface, 

af + 5-^ + c (1 - C) = and C + 2yc + 2/;; + c (1 - C) = 0. 

Both these equations represent planes, which accordingly cut the sphere in 
circles. 

60. We have now at hand* all the geometrical and analytical apparatus 
necessary for the treatment of the interpretation on the spherical surface of 
the linear transformations of the complex variable. 

We consider the transformations first from the purely geometrical stand- 
point. Their interpretation from this point of view is not always so simple 
as in the case of the plane, although important exceptions occur. 

The cases of rotation and expansion about the origin in the complex 
plane require little description. In the case of the rotation the lines of 
motion and the orthogonal system are concentric circles about the origin and 
the bundle of rays through the origin respectively. To them correspond on 
the spherical surface the circles of latitude and the meridians. The corre- 
sponding transformation of the spherical surface is evidently a rotation about 
the vertical axis. 
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On the other hand, to an expansion about the origin will correspond a 
motion of points on the sphere along the meridians from the south toward 
the north pole. The circles of latitude will remain such, but will be moved 
northward. 

61. If, now, we combine these two motions, so as to produce the loga- 
rithmic spiral motion in the plane, the corresponding motion on the sphere 
will also be a species of spiral motion. Points are carried away from the 
south pole toward the north pole, while at the same time they circle about 
the sphere. Since the logarithmic spiral in the plane cuts all rays through 
the origin at the same angle, and since the stereographic projection leaves 
every angle unchanged, it follows that the spiral on the sphere cuts all the 
meridians at the same angle. This spiral is, therefore, the Loxodromic Curve. 

62. In the case of translation in the plane the lines of motion and the 
orthogonal systems are two systems of straight lines. The corresponding 
curves on the spherical surface are two orthogonal systems of circles which 
pass through the north pole of the sphere. The circles of each system are 
tangent to each other at the north pole, but the two common tangents are at 
right angles to each other. The transformation on the spherical surface will 
consist in a motion along one of the systems of circles. From the figure* the 
parabolic character of the motion is at once apparent. 

63. If the rotation, expansion, or logarithmic spiral motion take place 
about any other point in the plane except the origin, the corresponding trans- 
formations on the sphere are somewhat more complicated. To the system of 
rays through the fixed point in the plane corresponds a system of circles on 
the sphere passing through the corresponding point and the north pole. The 
circles in the plane about the fixed point as a centre become a second system 
of circles on the sphere orthogonal to the first set. To a rotation in the plane 
will then correspond on the sphere a species of double circular motions about 
the fixed point and the north pole, while to the expansion in the plane will 
correspond a species of hyperbolic motions on the sphere, and, finally, to the 
logarithmic spiral motion in the plane will correspond a species of double 
spiral motions on the sphere. These motions on the sphere are, accordingly, 
less simple than those in the plane. 

64. The operation of reciprocation, on tlie other hand, has a remarkably 
simple interpretation in the case of the spherical distribution. In the plane 
this operation leaves the points ± 1 fixed. Since the unit circle in the plane 
becomes the equator of the sphere, and since the points evidently become 

* See Plate IV, Fig. U. 
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opposite points on the spherical surface, it appears that the transformation of 
the sphere leaves the extremities of the horizontal diameter parallel to the 
axis of $ unchanged. Again, the circles in the plane thi'ough the points rt 1 
become great circles of the sphere through the corresponding points, and, if 
we regard these points for the moment as poles of the sphere, the circles in 
the plane about the points ± 1 become circles on the sphere orthogonal to 
the preceding system ; i. e. they become latitude circles of the sphere. 

The operation of reciprocation will therefore consist in a rotation of the 
sphere about the diameter parallel to the axis of f. Moreover, as a repetition 
of the operation restores every point to its initial position, the rotation must 
be a rotation through 180°. The north and south poles of the sphere are 
accordingly interchanged, as is also evident from the fact that in the plane the 
points and co are interchanged. 

The operation of reciprocation, therefore, leaves the spherical surface 
entirely unchanged in all its parts, and simply rotates it bodily through 180°. 

65. The cases of the transformations of the spherical surface which cor- 
respond to the double spiral, elliptic, hyperbolic, and parabolic motions in the 
plane are now readily disposed of. The lines of motion for these transforma- 
tions in the plane were oljtained by reciprocating the various forms of the 
single spiral. Accordingly, the corresponding lines of motion on the sphere 
will be obtained from those which we have already considered by rotating the 
sphere about the diameter parallel to the f axis through 180°. These new- 
systems of lines of motion will not, therefore, differ in any way from those 
already considered. 

We have, therefore, already obtained all the forms of motion on the 
spherical surface which correspond to any linear transformation of the com- 
plex variable. Every such motion is either a double spiral motion, or an 
elliptic, hyperbolic, or parabolic motion. The distinction between the various 
forms of the double spiral motion, on the one hand, and those of the single 
spiral motion, on the other, has completely disappeared, this result being due 
to the fact that the " point at infinity " is on the spherical surface actually what 
it purports to be, a single geometrical point. 

The distinction between these two classes of motions is based on the 
geometry of the complex plane, and is not in any way inherent in the nature 
of the algebraic system of complex numbers. For distributions of the com- 
plex numbers on other surfaces this distinction accordingly disappears, and is 
replaced by other classifications dependent in each case on the geometry of 
the given surface. Thus in the case of the spherical surface certain of the 
transformations are evidently of a simpler geometrical character than others. 
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In particular, those for which the two fixed points are diametrically opposite 
each other form an especially interesting system, the theory of which will be 
presently discussed. The motions of this system take place along loxodromic 
curves, and the system includes in particular all the rotations of the sphere. 

66. The analytical expressions in terms of the space co-ordinates f , jy, 
and Z, of the transformations of the spherical surface corresponding to a 
linear transformation of the complex variable are peculiarly simple in form ; 
and as their theory leads to some of the most important developments of 
the modern Algebra and Geometry, we shall devote some considerable space 
here to their treatment. 

If X and y, f,-;, and f be the co-ordinates of two corresponding points, 
one in the plane the other on the sphere, and if «' and y' , f, rj , and ^' be the 
co-ordinates of the same points transformed, we have always 



1 — C' 1 — c' 1 — C 



J = 1—^, , x' + y' = 



•,11 J 1 «.'> "^ \^ y 1 •,' ■> 

where the pairs of values «', y and x, y are connected by the linear transfor- 
mation of the complex variable s = a; + yi. We have to determine i' , rf, and C,' 
in terms of $ , r^ , and l^. 

We begin with the case of the general logarithmic spiral motion in the 
plane defined by the equation s' ^ oa -|- /3, where we will suppose «==«! + a^i, 
^ := 5i -|- ^2*- We have, then, 

x' + y'i = («! + a^i) {x + yi) + Si + b.^i. 
Hence 

x' = «!« — a,^y + Ji , 
y' = a^y + a.f; + h.^ , 
x" + y" = (a,' + a/) (x^ + f) + 2 {a A + ^'^h) * + 2 {a A - a A) y + W + h'- 

Hence from the equations connecting the x, y with the f , ;y, f , we have 

(1) 



i-c i-c 

r/ _ a-i^ + «!? + ^2 (1 — C) 
1 _ ^' 1 r ' 

r _ « + «/)C + 2 (a.^ + «2^2) ? + 2 {a A - ^^2^) -7 + (^i' + i-i) (1 - C) 
_ (a,^ + «/ - ^'i ^ - V) C + 2 (a.^ + a A^} ? + 2 ( a.i^^ - «2^) V + ^i" + V 



(2) 
(3) 
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If we denote the numerator on the right-hand side of the third equation 
by F, we have 

1 — C ~ 1 — c ' ■ ■ ^ 1 — c 



or 



Also 



and 



. y _ «i ^ — (*2V + ^1 (1 — 

••* 1 - c + i'' ' 

' ~ 1 - c + ^ 



The co-ordinates $', fj , (^' are therefore linear functions of f, rj, ^, as 
indeed is at once apparent from equations (1), (2), and (3). But the fact is 
also to be especially noticed, on account of its importance later, that the 
denominators in the expression for $', rf, Z' are all equal. 

The transformation of the spherical surface corresponding to the trans- 
formation s' ^ oa + /? is therefore analytically, when expressed in terms of the 
co-ordinates f , yj, ^ , itself a linear transformation of these co-ordinates, and 
herein lies its simplicity. 

Again, in the case of reciprocation, we have 



.•. X = 



From (3) we have 



-^. 


X — V* 
or a+ye = ^^^^,; 






a 


2/' = ^.. -'' + y'' = 


1 




x^'+y^' 


x^ + y^ ■ 






1-r c 




(1) 




1-r c 




(2) 


) 


r _i-c 

1-r c ■ 




(3) 


C' = l 


-C; ••• r=$, r/=z)y. 
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These, again, are linear equations. The character of the transformation 
as a rotation of the sphere is analytically at once apparent. 

67. All the other linear transformations of a complex variable were 
obtained by a combination of tliose which we have just considered. Accord- 
ingly, all the corresponding transformations of the spherical surface will be 
obtained by combining those which we have now obtained. But it is evident 
that a combination of any two linear transformations of the f , ">f , C will itself 
be a linear transformation. And, moreover, the denominators of the fractions 
which occur on the right-hand sides of the equations of transformations will 
all be equal. We have, therefore, this fundamental proposition : Every trans- 
formation of the spherical surface which arises from a linear transformation 
of the complex variable is, when analytically expressed in terms of the co-ordi- 
nates f , rj, ^, itself a linear transformation of these co-ordinates, in which the 
denominators in the equations of transformation, are all equal. 

A very slight extension of the preceding theory will now enable us to 
make an interesting connection with a portion of the projective geometry of 
three-dimensional space. We have thus far considered the transformation of 
the co-ordinates ^ ,ij, Q as affecting only the spherical surface. But f , -f , C 
are space co-ordinates, and any operation performed on them indicates a 
transformation not only of the spherical surface, but also of the entire space 
in which the complex sphere is situated. The geometrical character of these 
space transformations is readily ascertained. They are linear transformations 
of the ? , y], Z with common denominators. The most general transformation 
of this character may be written 

f ' ^ (ii ? + l>iV + t-'iC + <^i 
a J + b^-f] + C4C + d^ ' 
, ^ a^^ + l^7j + C2C + ^8 (\\ 

' a^^ + h^-ri + c-^C + «J4 ' 
r' ^ <^3^ + b,-q + C3C + ^% 

^ «4f + *4^ + «4C + ^4 * 

If we solve these equations for ? , :y , (^ we obtain the reverse transforma- 
tions, which will also be linear with a common denominator. 

^ a ^'?' + h^yj Ar c^'^ + d^ ^2) 

' «4'f' + *4Y + «4'C' + ^^4" 

_ a^^' + I'^yj + Cs'C + (1% . 
^ «4'f' + '^4Y + <u'C + (ii ' 
where the a', h', c', d' are rational fractions of the third degree in the a, l>, c, d. 
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68. To determine the geometrical effect of these transformations on the 
three-dimensional space, we consider the case of any plane ^?+5;y+ Cl^-'rD^O. 
If in this equation we substitute for ?, )y, j^ the expression given in (2), we have 
a new equation of the form, A'?' -\- B'rj' -{- CX' +J^'^0, where A', B' , C , B' are 
linear functions oi A^B,G,B and the a', H , c', d'. This new equation is, again, 
the equation of a plane. It appears, therefore, that our transformation con- 
verts every plane in space into a plane. Two planes have their line of inter- 
section in common. This will be converted into the common element of the 
two transformed planes ; i. e. into their line of intersection. Every straight 
line in space is therefore converted into a straight line. Such transformations 
are called coUin cations. 

69. All our transformations are then coUineations of space. Conversely, 
every coUineation of space is defined by equation of the form (1) or (2). 
These equations contain 16 arbitrary constants. "We may, however, without 
loss of generality, assume that any one of these, say a\, = 1. There remain 
15 constants, any one of which may take any value from — oo to + oo. In 
other words, there are oo'^ real coUineations of space. 

70. Among these oo" coUineations are contained all the oo" transforma- 
tions of space which arise from the linear transformation of the complex 
variable. The criterion by which these oo* transformations are distinguished 
among the oo'" is geometrically obvious. The oo" transformations are not 
only coUineations of space, but they have also the property, that they con- 
vert the spherical surface into itself. The general equation of a surface of 
the second degree in space of three dimensions is 

Ax^ + By^ + Cz^ + Dxy + Exz + Fyz + Gx + Ily + Iz + J= 0, 

and contains therefore 10 constants. We may, however, assume ^ =1, when 
there remain 9 essential constants. Every linear transformation obviously 
converts a surface of any order into another surface of the same order. If, 
now, it be required, in particular, that a surface of the second order shall be 
converted into itself, the 9 coefficients of the equations of the given surface 
and the 9 coefficients of the equations of the transformed surface must be equal 
each to each. This requires, then, 9 equations of condition among the oc^^ 
constants of the general linear transformation. There remain, therefore, 6 
independent constants ; i. e. there are oo ' coUineations of space which trans- 
form a given surface of a second order, in particular a sphere, into itself. 

71. There were also oo*' coUineations of space which arose from the oo^ 
linear transformation of the complex variable, and which also convert the 
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spherical surface into itself. It does not, however, follow that these two sys- 
tems are identical, operation for operation ; but the second system must be 
contained in the first, which may, however, include other collineations. That 
there are collineations of space which convert the sphere into itself, but which 
do not correspond to linear transformations of the complex variable, is clear ; 
for a reflection of space on any diametral plane of the sphere, for instance on 
the plane of ^^, evidently converts the spherical surface into itself. Such a 
reflection is a coUineation ; in fact, for the case when the fixed plane is that 
of ^^, it is defined by the equations $' ^ f , ;;' = — tj, Q' = !^. But if we return 
by the aid of stereographic projection to the complex plane, this reflection is 
replaced by a reflection on the real axis of the plane, and this is not a linear 
transformation of the complex variable. Again, if we combine this reflection 
of the sphere on the plane of fij^ with each of the oo' collineations which arise 
from the linear transformations, these combinations will also be collineations, 
and will convert the sphere into itself. These compound operations, inter- 
preted in terms of the complex variable, are the conjugate transformations. 

72. It appears, therefore, that the collineations of space which convert a 
sphere into itself are at least twice as numerous as those which arise from the 
linear transformations of the complex variable. A full investigation of the 
question, whether there are still further collineations in the system, would be 
too extensive for insertion here. In the case of a particular class of these 
collineations we shall treat this matter in detail in a later section. For the 
present, we shall content ourselves with the following assertions, which will 
serve also to indicate the direction which the general investigation follows : 

In considering the collineations of space which convert a given sphere 
into itself, we will suppose the origin to be taken at the centre of the sphere. 
If this be the case, the square of the determinant 

ajj ^2 flj «4 

*1 *2 ^3 *4 
^1 ^8 ''S ^4 

d^ d^ r/g d^ 

is equal <o + 1, and accordingly the determinant itself is equal to either + 1 
or — 1. 

All these collineations may therefore be divided into two equal systems. 
Those collineations whose determinant is -\- 1 are identical in their effect on the 
spherical surface with the linear transformation of a complex variable distrib- 
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uted on the surface. Those colUneations whose determinant is — 1 are identical 
with the conjugate transformations of the same complex variable. 

73. If the fixed points of a transformation of the spherical surface cor- 
responding to a linear transformation of the complex variable be given, the 
equation for the latter transformation is at once obtainable by the aid of the 
formula of Sec. 36, 

■r_. g — r 



w — d z — b' 

Thus, if f , ;f , (!; and f, rj, 1^ be the co-ordinates of the fixed points on the 
sphere, and if y ^x -^ yi and ^ ^ «' + yi, we have 

_ i-^-qi . _ f — rji 

y-T^' 1 - C' ■ 

Substituting these values of y and d in the formula above, we have for 
the required equation 

^ (1 - C) - (? + ?»•) = , ^ (1 - C) - (? + ?0 
«> (1 - O + (f' + 'j'O ^ (1 - C) - (f + rji) • 

74. Amdng the oo' coUineations which arise from linear transformations 
of the complex variable, those are of especially simple character for which 
the two fixed points are diametrically opposite. Their number is readily 
ascertained. Thus, one of the fixed points may lie anywhere on the spher- 
ical surface, and since a surface contains oo^ points, we may select this one 
pole in 00* different ways. The other pole is then fixed also. There remains 
the constant j, which again involves two arbitrary constants. There are, 
therefore, oo* coUineations of this kind. 

Among these, those for which the modulus of £ is 1 are rotations of the 
sphere, and of these there are accordingly oo'. 

75. The corresponding transformations of the complex variable are 
obtained from the formula of Art. 70, by putting I' ^ — I , ^ = — fj, 
Z' ^1 — C, this being the condition that the two points f , jy, C ^^^ f'> 'j'> C 
shall be diametrically opposite. The resulting equation is 

^ (1 - C) - (? + yi) ^ , g (1 - - (? + yi) 

< + (f + Vi) < + (f + -'A) ' 

which is a loxodromic motion or a rotation, according as modulus s is not or 
is equal to 1. 
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76. The relation between tlie complex numbers wliich correspond to dia- 
metrically opposite points of the spherical surface is readily deduced. Thus, 
if X -\- yi and x' -\- y'i be the complex numbers corresponding to two such 
points, and '\i^ ^tj, Z, and — f , — -y , 1 — i!^ be their space co-ordinates, we have 



y = T-'—r ' *'^ + y^ = 



1 — C' ^~1-C' ' ^ 1-C 

x=—-, y=—l a;.2 + yS=_jL 



• ^^ + 2/'^ = ■ 



X 1 y 1 

y''^ ' X x^ -[- y^ ' y x^ + y^ 

, , ,- X -y yi. 



■ + y 

That is, the corresponding points in the complex plane lie on a straight line 
through the origin, on opposite sides of the origin, and at distances from the 
origin whose product is 1. 

77. On account of the importance of the theory of the rotations of the 
sphere for many branches of modern mathematics, and because we shall have 
to employ these rotations in following articles, we treat here some of the more 
important portions of this theory. 

For the sake of symmetry, it will be convenient to assume the origin to 
be at the centre of the sphere.* Every rotation of space converts any finite 
point into a finite point. Accordingly, in the equation of Art. 64 the denom- 
inators must reduce to their constant terms, for otherwise all points in the 
plane a^f -f- h^r^ -^c^tl -{- d^^0 would give infinite values of ?', rj, !^' ; that is, 
these points would become points at infinity. We may also assume that 
6?4 = 1. The equations for a rotation, therefore, reduce to the form 

f = «!? + 5i5y + CiC + 6?i, 
y/ = a^i + h^Tj + c'gC -I- d^ , 

C = «3f + ^afj + ^'aC + ^8 • 
That is, the transformations are in this case integral in terms of the space 

* One result of this change of origin will be that the formulae of Art. 55 will become 

* = g n = y f = 'g'+y'— 1 

as the reader can easily verify. 
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co-ordinates. Since, moreover, the centre of the sphere for which f = if ^ C = *^ 

= 0. 

r,2 _|_ ^8 __ J ^ and this must be 



remains fixed, we must have also d^ = d^ =d^^(i. 



r 



Again, the equation of the sphere is f ^ 
transformed into itself. This requires 

5,Ci + i./;.^ + SjC., = 0, 



«,' 



n.,- 



ai= 1, 



\' + hi + 5/ = 1, 



Ci^ + c^^ + c/ = 1 

The equations of transformation are, therefore, the same as those for 
orthogonal change of co-ordinates, as was to be expected. These equations 
contain 9 coefficients, and these are connected by 6 relations. There are, 
therefore, 3 independent constants, and consequently oo* transformations, in 
the system, as we have already seen must be the case. 

Among these are included co^ rotations. But all reflections of space on 
the diametral planes of the sphere, and consequently all combinations of these 
reflections with the rotations, are also included in the system. For these 
reflections also convert every finite point into a finite point and leave the 
centre of the sphere fixed. 

78. A simple criterion serves to divide the integral coUineations into two 
systems. 



The determinant 



^ 
h 
K 



"3 "3 ^3 

is called the determinant of the transformation. The square of this deter- 
minant is the determinant 



«i' + ai + ai 


a A + «2^2 + «8^8 


tf iCi + a.fi2 + «3C; 


a A + aA + a A 


^^+^^2^+*/ 


^ic'i + b.f., + h-iC^ 


«iCi + a.f^ + tfjCs 


J,c, + h./:^ + \c.. 


c,'+ci^ci 



In this determinant all the terms in the principal diagonal are equal to 1, 
while all the other terms are 0. Consequently, the determinant is equal to 1, 
and therefore the determinant of the transformation is either -j- 1 or — 1.* 

* The following important relations among the coefficients may also be deduced : If the deter- 
minant is -f-1, 



*1 ^ ^2^3 ~ 


-*S«2. 


*I 


«2 = *3«I - 


-ii^s. 


*. 


«8 •"= ^l^S - 


-*2«i; 


*3 






' Cli.iG-t tVfCa 



= a.b. 



■a.b,, 



--a^bi — a^b^, 
■- a^b^ — a^b^ ; 



and if the determinant is — 1 the same equations hold, except that the signs of the right members 
are all to be changed. 
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It is a known property of integral linear transformations that, if two such 
transformations occur successively, the determinant of their resultant is the 
product of the determinants of the two components. Accordingly, the result- 
ant of two of the above transformations of determinant + 1 has itself the 
determinant + 1 ; and, if the two transformations have the determinant — 1, 
their resultant has still the determinant + 1. 

We divide our transformations into two systems, according as their deter- 
minant is -|- 1 or — 1. The resultant of two transformations of the first 
system is, then, itself a transformation of the first system, and the resultant 
of two transformations of the second system is a transfoi'mation of the first 
system. The combination of any operation of the first system with any oper- 
ation of the second system leads, on the other hand, to an operation of the 
second system. 

In particular, we may notice that every operation of the second system is 
equivalent to an operation of the first system followed by a reflection on any 
diametral plane, say that of rj^. For the latter transformation amounts to 
changing the sign of a^, a 2, and a^, and consequently of the determinant 

«i b^ c^ 

^2 2 ^2 

«3 ^3 ^3 

79. The analogy to the theory of the linear and the conjugate transfor- 
mations is now sufficiently obvious. We maintain, in agreement with the 
assertions of Art. 69 : — 

All transformations of the first system {determinant -\- 1) are rotations of 
space about the or^igin, and are equivalent in their effect on the surface of the 
sphere to linear transformations of a complex vanable whose poles satisfy the 
conditions of Art. 73, and for which the modulus of s is 1. 

All transformations of the second system {determinant — 1) are combina- 
tions of the rotations with a reflection on any diametral plane, and are equiva- 
lent in their effect on the surface of the sphere to the transformations conjugate 
to the linear transformations above. 

It will be sufficient to demonstrate the former proposition ; the latter 
then follows at once. The equations connecting the co-ordinates in the plane 
with those in space are 

f = ^' y. = y r - ^' + '?'-! * 

«^ + 2/2 + 1' ' x^ + y^ + 1' ^— 2(«2 + y' + l)' 



* See foot-note, page 169. 
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Introducing these and the corresponding accented formultie in the equations 

-// = ag^ + Jgif + CgJ, 
of Art. 74, we have 

2 (x^ + y' +1) 

_ 2 a,x + 2 5,y + c^ { x^ + y^ - 1) 
2 (aT^ + y^ + 1) 

^ 2a^x+2b ^y + C s {x^ + y^ - 1) 

2 (ai'2~ + y'2 + 1) 2(a!«+y^ + l) 

From the last equation we obtain 

1 _ - ia^x - 2b^y + (1 - 6-3) {x^ + y^) + 1 +^ 

^'2 _^ y2 + 1 - - 2 (i«2 + y^ + 1) 

and dividing (1) and (2) by (4), 

, 'ia^x -f- Ib-^y -t- c^ {x^ - f y^) — c^ 

* ~ - 2a3a; - 2^3^ + (1 - C3) (a;^ + y^) + 1 + C3 ' 



«'2 -1- y'*! 


+ 1 


y' 




«'^ + y'^ 


+ 1 


«'^ + y'^ - 


-1 



(1) 

(2) 
(B) 

(4) 

(5) 



,/_ 2aa a; + 2&ay + c^ { x^ + y^) — c, , 

y _2a3a;-253y + (l-c7)(a;^+y^) + l+C3- ^^ 

We have asserted that these two equations are equivalent to a linear transfor- 
mation of the complex variable z=-x -^ yi; i. e. that they can be reduced to 
the form 2' = (as + /9) (j-s + ^)->. 

In this last equation we will suppose, for simplicity, that 5 =: 1. We 
will also let 

« = «i + «a2, /5 = ^i+^2^ r = ri + r8^ 

where the letters with subscripts are real. The equation then may be written 

^' I y'l = («i + «2»") {x + yO + ;9i + ^4. ^ «!«! — «2y + A + » (fliy + «2ie + j^z) 

(ri + r2^) (« + y-) + 1 n* — r2y + 1 + « (ny + r-s^) 

_ \a^x — a.^ + A + i («!?/ + ^yg + ^^)^ [n-^ — r2y + 1 — ^"(riy + 'Aa-Ol 
(ri« + r2y + 1 )' + (ny + r2«)' 
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From which, separating the real and the imaginary parts, we have 

y _ («iri + «2r2) (a^ + f) + («i + An + ^-zn) «? — (^^ + Ar2 — An) y + A cs'-) 
(n' + r20(^ + 2/') + 2r,^-2r2y + i ' ^ ^ 

,/ _ («2n — o-xTi) {«^ + f) + («2 + An — Ar2) ^ + («i — An — Ar2) y + A /«", 
y- (.^^2^^^2)(^^j,2)^2r,«-2r,2/ + i • ^ ^ 

The equations (5') and (6') must be identical with (5) and (6). If we consider 
the denominators, we must, then, have 

Hence 

These last three equations are consistent ; for, from the first two 

, 2 _l_ „ 2 ^3 ~r ^3 -t ^3 ■!■ ^3 



n^ + r2^ 



(1+^3)^ (1+6-3^ 1+6-,' 



which gives the third equation. 

Again, considering the two sets of numerators, we must have 

«in + «2r2 = r-T-T ' «2n — «ir2^ --- 



from which we obtain 

1 1 T2~ ' ^ 

J. 65 

And, again. 



1-6./ ' "^- 1-c/ • 



A = -i4'-. A- 



1 + c, ' '^^ 1 + C3 • 

Finally, these values of the a's, /9's, and ;-'s must also satisfy the four 
remaining equations, 

± -)- tg X -j- O3 



!+«/ "■' '^"1 '^^'^-i+c. 
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Now 



and 



/5iri + ^2r8 - (1 + c,)^ ' 



O O — 3 1 "l 2 3 

Pir2 - P2ri - — (1 + c^y 



Consequently, we must have 



aA + V2 I a£i+A£2_ 2ai 



+ 



(1 + c,y 1 + c, ' 



or 



or again 



or 



^3^2 — h<^l _|_ Vi + C2«8 _ ^<^2 

1-.-/ ^ (l+Csf I+C3' 

0'iC\ + V2 ^^s^'i ~ V2 _ 2&2 . 

1-c/ (l + c,)^ 1 + ^3' 

- J3C2 — flj^iC, = «! (1 — ci), a^c, — 53C1C3 = Ji (1 — Cj^), 

S3C1 — a^c^c^ = a^ (1 — Cj^), — (isCi — J3C2CS = i^ (1 — ^3^) > 

Cs («l<^'3 — «3<'l) = «1 + V2 , ''S ('^l<^3 — h<^l) = f>l — «S'^2 , 

C3 (a2C3 — «3C2) = «2 — 53^1 , (?3 (62<^3 — *3<^2) = ^2 + «3^1 ; 

— C361 + ^3Ci = a^ , Cjffi — Citt^ = l>2 ; 



which are known identities. 
The coUineation 



where 



yj' — a^S + 0^:^ + C2C, 

r=«3f + is^ + C3C; 

«l' + «2' + «3' = 1. «1*1 + «2*2 + «3^3 = 0, 

6,^ + ^2' + 63' = 1, ^1^1 + *2C2 + he, = 0, 

ci' + f*2^ + ^3^ = 1 ; «iCi + «2C2 + «3<'3 = ; 
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and 



Z>1 ^2 *3 



+ 1, 



is equivalent in its effect on the spherical surface to the linear transformation 
of the complex variable 



/.2 



1 +c. 



<h — ^3'' , 

■ -^ Z 

l + ^-s 



+ 1 



g' ^ [— («3^i + V2) + (^3 ^1 — a-j C. ^ ^•] g — (Ci + c^i) (1 — C3) 
(% — '^a^'T (C3 — 1) 2 + 1 — <^i 

The reader may show in the same way that if the determinant 



J>. 



«3 
h 



1, 



the corresponding coUineation is reducible to the conjugate transformation, 



i' = [— ( ^^3^1 - 



V2) + (Vi + a3g2) i^2 — {c^. — Cji) (1 — ^3) 



(«3 — V)fe— 1)2 + 1— Cs' 

80. In closing this article, mention must be. made of another geomet- 
rical apparatus devised by Carl Neuman to illustrate the theory of linear 
transformation. This is a second plane tangent to the complex sphere at 
its north pole. If, now, we suppose the complex numbers to be distributed 
as usual on the spherical surface, and if we project this distribution stereo- 
graphically from the south pole of the sphere on the new tangent plane, we 
obtain a new distribution of the complex numbers in this plane. We assert 
that this new distribution is, if the axes in the plane be properly chosen, the 
reciprocal of the distribution in the original plane. 

The demonstration follows immediately from the fact, that the operation 
of reciprocation consists in a rotation of the sphere about the axis of f. 
This rotation interchanges the north and south poles of the sphere, and 
with these their tangent planes. That which was the projection from the 
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north pole on the tangent plane at the south pole becomes the projection from 
the transformed south pole on the tangent plane at the north pole. 

It must, however, be noted that while this rotation leaves the direction oi 
the axis of x unchanged, that of y is reversed. Consequently, if we look at 
the new tangent plane from above, the axis of y is drawn so as to make an 
angle of — 90° with the axis of x. As seen from the centre of the sphere, 
however, both axes have their normal positions. 

NOTES. 

The double spiral was introduced by Holzmuller, Zeitschrift fiir Math, und 
Physik, Bd. 16. See also Theorie der Isogonalen Verwandtschaften by the 
same author. 

The orthogonal substitutions have been treated by Cayley, Crelle, Bd. 32. 
Cf. Salmon's Higher Algebra, p. 41, and Scott's Determinants. Cayley gave 
a method of expressing the 9 constants of such a transformation rationally in 
terms of the three essential constants. 

The theory of rotations was also treated by Eodrigues, Liouville's Jour- 
nal, Vol. 5, and in connection with the linear transformations of a complex 
variable by Cayley, Math. Ann., Bd. XV. See also Klein, Ikosaeder, Chap. II. 

The arrangement of much of the present article follows closely that of 
Klein's Lectures on the Theory of Functions, Leipzig, 1880-'81. 



EXEECISE. 



305 



Integeate y ! 1 -|- -r-f = X. 

•' y ^ dx'' ) [^. S. Woodward.-] 



